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Abstract 

The present paper was inspired by the work on polarized embeddings by Cardinah, 
De Bruyn, and Pasini [13], although some of our results in it date back to 1999. They 
study polarized embeddings of certain dual polar spaces, and identify the minimal polarized 
embeddings for several such geometries. We extend some of their results to arbitrary shadow 
spaces of spherical buildings, and make a connection to work of Burgoyne, Wong, Verma, 
and Humphreys on highest weight representations for Chevalley groups. 

Let A be a spherical Moufang building with diagram M over some index set I, whose 
strongly transitive automorphism group is a Chevalley group G{¥) over the field F. For any 
non-empty set X C / let F be the -fC-shadow space of A. Extending the notion in 4N] 
to this situation, we say that an embedding of F is polarized if it induces all singular 
hyperplanes. Here a singular hyperplane is the collection of points of F not opposite to a 
point of the dual geometry F*, which is the shadow geometry of type opp j{K) opposite to 
K. We prove a number of results on polarized embeddings, among others the existence of 
(relatively) minimal polarized embeddings. 

We assume that G{¥) is untwisted. In that case, the point-line geometry F has an 
embedding bk into the Weyl module V{XK)f of highest weight Xk = YlkeK ^fc- show 
that this embedding is polarized in the sense described above. We then prove that the 

*This research was completed in part while visiting the University of Siena on a grant from the Gruppo 
Nazionale per le Struttm'e Algebriche, Geometriche e le lore Applicazioni in the summers of 2007 and 2008. 
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minimal polarized embedding relative to ex exists and equals the unique irreducible G(F)- 
module L{\k) of highest weight A^. More precisely we show that the polar radical of ex 
(the intersection of all singular hypcrplancs) coincides with the radical of the contravariant 
bilinear form considered by Wong to obtain the irreducible (restricted) representations of 
G(F) in positive characteristic. 

This viewpoint allows us to "recognize" the irreducible G(F)-modules of highest weight 
\k geometrically as minimal polarized embeddings of the appropriate shadow space. 
Keywords: Building, Shadow space, Grassmannian, polarized embedding, Chevalley group, 
highest weight module, representation theory. 
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1 Introduction and preliminaries 



1.1 Basic definitions 

Vector spaces, group actions and modules Throughout this paper F shall denote a field. 
By a field we shall mean a commutative division ring. Unless otherwise specified, vector spaces 
will be left vector spaces. Actions of groups, or algebras on a vector space shall therefore also be 
left actions, unless otherwise specified. 

Point-line geometries, hyperplanes and embeddings We assume the reader is familiar 
with the concept of a point-line geometry T = {V, C) (also called a partial linear rank two 
incidence geometry), see e.g. [10, 33]. In a partial linear space we can and shall often identify 
each line with the set of points incident to it. By a subspace of F we mean a subset 5* C "P 
such that if / G £ and / D S contains at least two points, then / C S. Clearly the intersection 
of subspaces is a subspace and consequently it is natural to define the subspace generated by a 
subset X of V, {X)r, to be the intersection of all subspaces of F that contain X. A hyperplane 
of F is a proper subspace meeting every line. A set of points is called connected if its collinearity 
graph is connected. We recall the following. 

Lemma 1.1 If H is a hyperplane such that V — H is connected, then H is a maximal subspace 
ofT. 

The projective point-line geometry of a vector space V is the point-line geometry F{V) = 
(V{V),C{V)) whose points and lines are the 1-spaces and 2-spaces of V with incidence given by 
symmetrized inclusion. 

A full projective embedding (or simply embedding) of F is a pair (e, V), where V is a vector 
space and e:V ^ ^(^) is an injective map such that 

(El) {e{V))v = V, and 

(E2) e maps every line of F onto a line of P(V). 

The dimension of (e, V) is dim(V^). In the literature, this is sometimes called the vector dimension 
of the embedding to distinguish it from its projective dimension. 

The collection ^(F) of all full projective embeddings of F over a division ring (or field) F, is 
a category where a morphism between embeddings (ei, Vi) and (e2, V2) is an F-semilinear map 
t:Vi ^ V2 such that 62 = roei. We sometimes indicate this by writing ci > 62- We have the 
usual notions of mono-, epi-, and isomorphisms. An embedding of F is called absolutely universal 
or absolute if it is a source in S{T); if it exists, we denote it by (e, V). A source relative to (e, V) 
always exists by a result due to Ronan [36] ; it is called the embedding universal relative to (e, V) 
and will be denoted (e, V). 
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An embedding {e,V) of F is called minimal if it is a sink in £{T) and minimal relative to 
(e, V) if it is a sink relative to (e, l^); the latter will be denoted {e,V_). 

Let (e, y) be a full projective embedding for F. For a point set X CV, let (X)e = (e(X))y. 
The following is well-known and elementary. 

Lemma 1.2 

(a) If U is a hyperplane ofV, then H = e^^{U fl e{V)) is a hyperplane ofT. 

(b) If H is a maximal hyperplane ofT, then {H)^ either equals V or it is a hyperplane ofV; 
in the latter case e{H) = e(V) fl {H)e- 

The hyperplane H in (a) is said to be induced by U in (e, V^). 

Buildings and Chevalley groups Every geometry we shall study in this paper is derived 
from a spherical building A. The building A has spherical diagram M over the index set / = 
{1,2,..., n}. We shall label M as in [7]. We shall think of A as a chamber system, also denoted 
A, with a distance function 5: A x A — )■ W, where (W, {rj}jg/) is a Coxeter system of type M; 
we shall use the terminology from [37, 53]. Thus, for i G /, we say that two chambers c and d 
are z-adjacent, and write c ~j d, if 6{c, d) = rj. For a subset J ^ I, the I — J residue on c is the 
collection of chambers {(i G A | 5(c, d) G Wi^j}. 

Sometimes it will be convenient to talk about A in terms of the associated incidence geometry 
Q = ^(A). This is a diagram geometry with a set of elements S = S{A), an incidence relation 
•k and a type function typ: £^ — /; for ^(A) we shall use the terminology from [10, Chap.l]. 
Thus, for J C /, a flag of type J (or J-flag) in ^ is a collection F = {fj}jej of pairwise incident 
elements and ResA(-F) = {e E £ — F \ e -k fj Wj E J} is the corresponding residue of type I — J 
(or / — J-residue). 

For buildings of finite rank these two viewpoints are equivalent (see e.g. [19] or [33]); namely 
flags of type J C J in the diagram geometry Q correspond to residues of type J — J in the chamber 
system A and incidence in the diagram geometry corresponds to inclusion in the chamber system. 

Whenever a spherical building A is Moufang, it has a strongly transitive automorphism 
group G from which A can be recovered via a BN-pair in the manner described e.g. in [37, Ch. 5] 
or [53, Ch. 11]. Namely, pick an apartment S and chamber c G S, then B = StabG(c) and 

= StabG(S) form a BN-pair for G. Conversely, given a BN-pair {B, N), one can construct A by 
setting A = G/B and defining the W^- valued distance function using the Bruhat decomposition 
of G. For the spherical buildings under consideration in the present paper we take G to be a 
Chevalley group of rank n >2. In Sections 2 and 3, G can be of any twisted or untwisted type; 
in Sections 4, 5, 6, and 7, we require G to be untwisted. We also assume G to be the universal 
Chevalley group with diagram M over F, denoted M(F), although this does not affect A. In 
Section 9 we also include the twisted types M2n, ^■^2n+i, and ^D2n+2- Finally, Sections 8 and 10 
only concern the case. 
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The correspondence between their diagrams M, the (commutative) field of definition F, and 
concrete universal Chevalley groups G is given by the following tables: 



M 


G 


M 


G 


M 


G 


A-n 


SL„+i(F) 


^6 


E,{¥) 




SU2„+i(F) 


Bn 


Spin2„+i, (F) 




E^{¥) 


2/1 


SU2„(F) 


Gn 


Sp2n(F) 


Fa 


Fa{¥) 




Spin2„+2(^) 


Dn 


Spin+(F) 


G2 


G2(F) 







Untwisted universal Chevalley groups Some twisted Chevalley groups 

Table 1: Diagrams and Groups 

Shadow spaces For any subset L C /, we denote by Sl{/S.) = (Pj^(A), £/^(A)) the L-shadow 
space of A (The term "L-Grassmannians" is also used, e.g. in [ ' ]). This is the point-line 
geometry whose point set 'Pl(A) consists of the flags of type L of ^(A) and whose line set >Cl(A) 
consists of the collections of points incident to a fiag of cotype {1} for some / G L (We call / 
the type of that line). This is a partial linear space (see e.g. [IS, 16]). If L = {/} for some 
/ G /, this is sometimes called the /-Grassmannian of A. In case A is a building of type An{¥), 
this is the usual Grassmannian of the vector space F""*"^. These single-node shadow spaces are 
also called Lie incidence geometries, see e.g. [17]. Note that if L = 0, then 'Pl(A) consists of 
a single point. At the other extreme, if L = /, then 'Pl(A) is the collection of chambers of A, 
and Cl{^) is the collection of panels of A. Fixing a non-empty subset C /, we shall denote 
r = iSx(A) = (V, C) (so for this fixed geometry we drop the subscripts K and A. 

Keeping L as above, we define the L-shadow of an arbitrary set of chambers X C A to be 

V^,l{X) = {x G Pl(A) I X n X ^ 0}. 

Here we view x and X as sets of chambers. We also set 

Sa,l{X) =(Pa,l(X),£a,l(X)), where 

C^AX) ={ieCL{/X)\ir\V^,L{x)\>2} 

Note that 5a,l(A) = 5l(A). 

We are mostly interested in the case where X is a residue. Fix J C /. We let Mj denote the 
subdiagram of M induced on the nodes indexed by J. Then, {Wj, {rj}j^j) is a Coxeter system 
of type Mj (See e.g. [37, Corollary 2.14]). 
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Lemma 1.3 (Theorem 3.5 of [37]) Let R be a J -residue of A. Then R is a building of type Mj; 
the distance function is given by the restriction 5:C/^{R) x C/^{R) — )■ Wj. 

Lemma 1.4 (See also [29, 30]) Let R be a J -residue of A. 

(a) For any L C I , we have a natural isomorphism Sa,l{R) — SA,Lnj{R) ■ 

(b) //Li, L2 C / are such that Lifl J = ^21"! J, then we have a natural isomorphism Sa,Li{R) — 

(c) If LCI, then S^AR) = ^LnAR)- 

Proof (a) Viewing the elements of Vl{A) as sets of chambers, the isomorphism is induced by 
the map x ^ x (1 R, for x G 'Pa,l{R)- For more details see the references [29, 30]. Part (b) is an 
immediate corollary to part (a). Part (c) follows from part (b) and the simple observation that 

<SA,Lnj{R) — <SLnj{R)- n 

Note that in part (c) of Lemma 1.4, SinjiR) ^ shadow space of the building R as in Lemma L3. 
Thus, part (c) allows us to view the L D J-shadow space of i? as a subspace of the L-shadow 
space of A. 

In addition to the references mentioned above, there are a few texts in preparation that deal 
extensively with shadow spaces: [11, 12]. 

1.2 Main definitions 

In order to present the main results of this paper, we need some new definitions. 

The opposition relation and the dual geometry Let i? be a residue in A of type J C /. 

Conjugation by the longest word wj of the Coxeter system {Wj, {rj}j^j) induces the oppo- 
sition relation oppj on the set J: i oppj j if and only if = rj"'. We set 

oppj(L) = { j G J I j oppj I for some / G L}. 

In case J = I, we'll drop it from the notation. 

The opposition relation between the chambers of R is given by xoppp,y if and only if 6{x, y) = 
wj. We extend the opposition relation to residues S and T of by setting S oppj^ T if every 
chamber of S is opposite some chamber of T and conversely. 

Lemma 1.5 (see [^''5, Proposition 9.9 and Lemma 9.10]) Let S be an L-residue of R and let 
t E R be a chamber opposite some chamber of S. Let T be the oppj{L) -residue on t. Then T is 
the unique residue of R opposite to S and containing t. 
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Let L C J and let S be an L-residue of R. Define 

opp^(S') = {c E R \ c oppjij d for some chamber d E S} 
neaiR^S) = R — opp^(S') 

In case R = A, we'll drop it from the notation. The following is immediate from Lemma 1.5. 

Corollary 1.6 Let S be an L-residue of R. Then, oy>y>r{S) and near/j(S') can he partitioned 
into residues of type opp j(L). 

Recall that F = {V,C) is the i^-shadow space of A. The geometry dual to T in A will be 
denoted F* = (V*,C*); it is equal to Sopp(K)(yA). The geometry dual to Sl{R) in R will be 
denoted Sl{R)*; it is equal to Sopp^{L){R)- 

We'll call the points and lines of F* dual points and dual lines. We shall make use of the fact 
that F** = F. All statements made about F can also be dualized and so we may and shall freely 
apply results stated for F also to F*. 

Opposite and Far We briefly mention a concept related to the opposition relation. For 
residues S and T of R we set 

S Far /J T if and only if s oppj^ t for some chambers s E S,t E T. 

Using the correspondence R -H- Q{R), this then also defines a relation Farg(/j) for flags of Q{R). 

Let Farg(j:j)(S') be the incidence system of all objects of Q{R) 'far' from S with incidence 
inherited from Q{R). It is proved in [ 1] that this is a transversal geometry with a Buekenhout-Tits 
diagram whose flag system can be identified with the collection of all residues of R intersecting 
opp^(S') (as chamber sets) non-trivially. In particular, the set opp^(S') is exactly the chamber 
system of Farg(R)(S'). This means that two flags that are far from 5* are incident exactly if they 
share a chamber that belongs to opp^(5'). In particular, for any type set L C J, the subspace 
'5i?,L(opP_R('S')) of Sl{R) coincides with the L-shadow space defined by Farg(/j)(5') in the obvious 
way. 

Singular hyperplanes and polarized embeddings We continue the notation from above. 
There are two important geometric structures associated to oppj:j(S') and neaiR^S). 

Vr,l{opPr{S)) ={xe Vl{R) I X n oppj,{S) ^ 0} 
Pfi,L(nearfi(S)) = {x G Vl{R) \ x H near«(S) ^ 0} 

If L is clear from the context, we shall omit it to unburden the notation. These sets are not 
always disjoint. However, we have the following simple observation. 
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Lemma 1.7 Let R be a J -residue of A. Let L,L* C J and let S be a residue of type J — L* in 
R. Then Vr^l{^g8j:r{S)) fl Pij^L(opp^(S')) = if and only if oppj (L*) C L. In particular, the 
K-shadows of opp^{p*) anc? near a (p*) are disjoint subsets ofV if p* G V* . 

Proof We have V R^iij^^^'^ r{S)) fl VR^iipV'l'Ri.S)) = if and only if every (J — L)-residue of R 
that meets oppj:j(S') is entirely contained in oppj:j(S'). By Corollary 1.6, this happens if and only 
if J - L C oppj(J - L*) = J - oppj(L*), that is, if oppj(L*) C L. □ 

Definition 1.8 Given a J-residue R, a subset L (1 J and a dual point x* in Vl{R)* , we. shall 
define the following subspace ofSi^R): 

Hrx{x*) = VR^Li^eaiR^x*)). 

Note that by Lemma 1.7, we have Hr^l{x*) = Vl{R) —VR^iioppji^x*)). In case R = A or L = K, 
we shall drop that subscript from the notation. As we shall see in Proposition 1, H{x*) is often 
a (maximal) hyperplane ofT. Hyperplanes of the form H{x*) are ca//ed singular or attenuated. 

Definition 1.9 We call a full projective embedding (e, V) ofV polarized if every singular hyper- 
plane is induced by (e, V). In that case the polar radical of e is the subspace 

p*er* 

Remark 1.10 Our notion of "polarized" specializes to the notion of "polarized" defined in [13, 
48] if we let K = {k} refer to an end-node of a diagram M of type Bn, Cn, or Since in those 
cases the map oppj is equal to the identity it happens that T* = T in loc. cit.. In the present 
paper we do not restrict ourselves to that situation. In particular, when M = An, Dn (n odd), or 
Eq it may happen that T* and T are different, if isomorphic, geometries. 

1.3 Main results and organization of the paper 

In Sections 2 and 3 we consider a shadow space F of a spherical Moufang building A associated to 
a twisted or untwisted Chevalley group G. The opposition relation gives us the right perspective 
on polarized embeddings of shadow spaces as we shall see; many fundamental properties of 
spherical buildings translate transparently into properties of polarized embeddings. In particular, 
the following is proved in Section 2. The case where \K\ = 1 was proved in [■!, I]. 

Proposition 1 For any dual point p* ofT*, 

(a) II{p*) is a hyperplane ofT, and 

(b) 5a,a-(oppa(p*)) is a connected subgeometry ofT, except z/M„_^(F) is one of the following: 
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(i) G2,{i}(F2) (1 denoting the short root), G2,{i,2}(F2), G2,{i,2}(F3),'F4,{i}(F2), 2F4,{i,2}(F2), 

(ii) Cn,K{^2), or -F4,A'(F2), where n > 2 and K contains both nodes of the double bond in 
the diagram. 

As a consequence, except in cases (i) and (ii), H{p*) is a maximal subspace ofT. 

Thus, apart from a few exceptions, the geometry F contains a maximal singular hyperplane for 
each point of the dual geometry T*. As a step up to the major results of the paper. Theorem 2 says 
that singular hyperplanes of T are "residually singular" . As a consequence, polarized embeddings 
of r are "residually polarized" . 

Theorem 2 Let A be a spherical building with type set I and let T be its K-shadow space for a 
non-empty set K C I. Let R be a J -residue of A. 

(a) For any dual point p*^ ofVKr\j{R)*, there is some dual point p* ofT* such that H n^Kctjiv*^) 
corresponds to Va,k{R) H H{p*) under the isomorphism Skhj^R) — <Sa,k{R)- 

(b) //(e, V) is a polarized embedding ofT, then the isomorphism SKnj{R) — <Sa,k{R) composed 
with e yields a full polarized embedding of Skhj^R) into ¥{yR); here Vr = (e(x) | x G 
Va,k{R))- 

Theorem 2 is proved in Subsection 2.2. In short, part (b) follows directly from part (a). Part 
(a) follows from a fundamental relation between the opposition and projection maps of spherical 
buildings. This relation is conveyed in Theorem 2.1, which was proven in [ ] to show that in 
a "Far away" geometry obtained from F by removing the hyperplane H{p*), the residues are 
themselves "Far away" geometries and that, as a consequence, this far away geometry has a 
Buekenhout-Tits diagram. 

We also prove the following general property of polarized embeddings. 

Proposition 3 If a point-line geometry 6 possesses a polarized embedding e and an absolute 
embedding e, then 9 possesses a unique minimal polarized embedding e. Namely we have e = 

We note that many shadow spaces of spherical buildings do have an absolute embedding [31, 6]. 

In Sections 4 and 5 we consider the following setup. Let A be obtained from an untwisted 
Chevalley group G over a field F (see Table 1). Fix a non-empty subset K ^ I and let F be the 
i^'-shadow space of A. Let V{Xk)¥ be the weak Weyl module for G with maximal vector of 
highest weight Xk, as defined in Subsection 4.2, and let = ¥Gv~^. Let p be the point of F 
corresponding to the parabolic group stabilizing v~^. Then, the map 

gp ^ {gv+) 

defines a full projective embedding for F. 
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Theorem 4 

(a) The embedding ck is polarized. 

(b) The codomain /TI^k of the minimal polarized embedding relative to ck is the unique 
irreducible G -module L{\k)¥ of highest weight \k- 

The general idea of the proof is the following. In Subsection 5.2, following [27, 54, 52] we 
define a r-contravariant bilinear form /3 on V{\k)¥ with the property that f = 1. This 

means that there is an involution r of G that interchanges two opposite Borel groups and 
-B~, such that, for (7 G G and u,v E V{\k)¥, we have 

/3{gv,u) = (3{v,g^{u)). 

This form is symmetric and non-degenerate on and has the property that weight spaces 
corresponding to distinct weights are orthogonal with respect to (3. Then, in Subsection 5.3, 
we show that the subspace ker(/3(t>"'', — )) of induces a singular hyperplane H{p*) of F, for 
some dual point p* opposite to p, and part (a) follows by contravariance. From the preceding 
discussion it follows that the polar radical TZck coincides with the radical of /3. It is known, and 
not hard to prove that this radical is the unique largest submodule of V^. Thus, the quotient 
e^, is an irreducible G-module of highest weight Ax- 

Theorem 5 Let A be a spherical building obtained from an untwisted Chevalley group and let F 
be its K -shadow space, for some non-empty type set K C I. IfT possesses an absolute embedding, 
then the unique irreducible G-module L{Xk)w of highest weight affords the unique minimal 
polarized embedding for F. 

Motivation for this paper The main motivation for the style in which this paper is written 
is to exhibit a connection between the geometry of shadow spaces of buildings and the represen- 
tation theory of groups of Lie type. This builds on the connection between a number of results 
that seems to be known only to a handful of colleagues, but is, to the best of my knowledge, not 
written down anywhere. I've made an attempt to bring these results (on embeddings, buildings, 
Chevalley groups and their highest-weight representations) together in the hope that this makes 
this connection as well as the new results presented here accessible to a wider audience. 

As for the results presented here themselves, let us mention at least two motivations. First 
of all. Theorem 4 allows us to "recognize" the fundamental weight modules geometrically as 
the minimal polarized embeddings of F. This opens the door to studying (certain) modular 
representations of Chevalley groups by geometric means. A pilot project formulated by Blok, 
Cardinali and Pasini to study the decomposition series of the Weyl modules of the symplectic 
groups from this perspective and reinterpret the results from [34, 2] is in progress. 
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Secondly, we'd like to show that the notion of a polarized embedding of a shadow space is 
rather fundamental, as it relates directly to fundamental properties of the corresponding spherical 
buildings. This is for instance evidenced in Theorem 2. 
Problems 

(1) Modify the above results to include twisted Chevalley groups. 

(2) Give a geometric proof that if a geometry F with sufficiently transitive automorphism 
group G has a minimal polarized embedding, then that embedding is irreducible for the 
automorphism group G, assuming that the automorphisms in G lift to linear isomorphisms 
of that embedding. 

(3) Use the above connection to find decomposition series of G-modules that afford embeddings 
for r. 

In Sections 6, 8, 9, and 10 we study polarized embeddings of various shadow spaces in detail. 

2 Polarized embeddings of shadow spaces 

In this section we prove Proposition 1 which tells us when the set H{p*) is a maximal hyperplane 
of r. Then we prove Theorem 2 which says that a full polarized embedding of F induces full 
polarized embeddings on each residue of F. Both are closely related to fundamental properties 
of buildings. 

2.1 In which shadow spaces is H{p*) a maximal hyperplane? 

Recall from Lemma 1.7 that, for a dual point p* G F*, the subsets H{p*) = PA,_ft"(near(p*)) and 
'Pa,k{opp{p*)) are disjoint subsets of F. We begin by proving Proposition 1. 

Proof (of Proposition 1) (a) Choose a line /. By definition this is the i^-shadow of a fc-panel 
vr for some k & K. Either vr C near(p*) or vr fl opp(p*) 7^ 0. In the latter case proj^(p*) is the 
unique chamber of vr nnear(p*). By Lemma 1.7, a point qofV meeting vr is in H{p*) if and only 
if g n vr G near(p*). Thus either one or all points of / are in H{p*). This means that H{p*) is a 
hyperplane of F. 

(b) It follows from [9, 1, 4, 3] that under the restrictions (i) and (ii), the collection opp(p*) of 
chambers opposite to p* is connected as a chamber system. By Corollary 1.6, 'PA,x(opp(p*)) is 
exactly the collection of points all of whose chambers are opposite to some chamber oi p*. Thus, 
connectedness of the chamber system implies connectedness of the subgeometry Sa,k{opp{p*)) 
of F. That H[p*) is a maximal hyperplane of F now follows from the above and Lemma 1.1. □ 
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2.2 Polarized embeddings are residually polarized 

We prove Theorem 2, which says that singular hyperplanes of F are "residually singular" . That 
is, given a residue i? of A, the i^-shadow of a singular hyperplane intersected with the ii"-shadow 
Vk{R) of R, is a singular hyperplane, or all, of Vk{R)- As a consequence, polarized embeddings 
of r are "residually polarized" . This result stems from Theorem 2.1, proved in [ 1], which describes 
the interaction of the opposition and projection maps, two of the most fundamental maps in the 
theory of spherical and twin-buildings. For convenience we quote this result here. 

Theorem 2.1 (Lemmas 3.5 and 3.6 of [3] and Lemmas 6.2 and 6.4 of [ ]) 

(a) Let W be a Coxeter building of spherical type. Then for any two residues R and S of W 
we have opp^(proj^(5)) = proj^(oppiy(5)). 

(b) Let R and S be residues containing opposite chambers in the spherical building A. Then 
the set of residues meeting opp^(S') and contained in R equals the set of residues in 
oppj^(proj^(5')). In particular, every object in Q{R) meets opp^(S') (as a set of cham- 
bers) if and only ifproij^^S) = R, that is, if and only «/oppj(typ S) C typi?. 

We shall now prove Theorem 2. 

Proof (of Theorem 2) (a) Let p*^ be a dual point of VkhjIR)* ■ For some apartment E on p*^, 
let p* be the unique dual point in F* meeting oppj^(opp^pi2(P*'^))- Then, by Theorem 2.1 (a) we 
have p*^ = proj^(p*) and so by Theorem 2.1 (b) p* satisfies the claim. 

(b) Clearly (e, Vr) is a full embedding for Sk{R)- Now consider a dual point p*^ of VKnj{R)* 
and let S and p* be as in (a). Moreover, let p be the point of F meeting opp^pis(p*'^) C oppY,{p*). 
Then, p ^ H{p*) and since H{p*) is induced by V, also e{p) ^ {H{p*))e . It follows that also 
Hr = Vr n {H (p*)) e is a proper hyperplane of Vr. 

To see that Hr induces Hr{p*^), note that, by (a) {Hr^p*^))^ < Hr. As both the former 
and the latter are hyperplanes of Vr, we must have equality. That is, Hr{p*^) is induced by 
(e,VR). □ 

3 Covers and quotients of polarized embeddings 

In this section we obtain some general properties of polarized embeddings. In particular we con- 
sider absolute and minimal polarized embeddings. In [i >] several of these results were obtained 
for dual polar spaces. As it turns out, many of these can be generalized to arbitrary shadow 
spaces. 
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3.1 The polar radical 

We first consider an arbitrary point-line geometry F and a full projective embedding (e, V^). 

Definition 3.1 Call R < V a factoring subspace for (e, V) if 

(QEl) R n e(p) = {0} for every point p of T, and 

(QE2) for any two distinct points p,q we have {R,e{p))v 7^ 

For any factoring subspace R < V , we define the mapping e/R, called the quotient of e over R, 
as follows: 

e/R:T F{V/R) 
p ^ {R,e{p)). 

The following are immediate (cf. [I')]): 

Lemma 3.2 Let {e,V) be a projective embedding of a point-line geometry T and let R be a 
factoring subspace. If e is a full embedding, then so is e/R and if e/R is polarized, then so is e. 

Corollary 3.3 // F has a polarized embedding, then its absolutely universal embedding, if it 
exists, is also polarized. 

We now return to the standard situation of the paper, where F is the K shadow space of the 
spherical building A. Recall from Definition 1.9 that the polar radical of a polarized embedding 
(e, V) is the subspace 

7^e = fl {H{p*)),. 

Any subspace of TZg is called a radical subspace. The significance of radical subspaces is given by 
the following result. 

Proposition 3.4 Let (e, V) be a polarized embedding of a shadow space F and let R <V. 

(a) If R < He, then R is a factoring subspace and e/R is polarized. 

(b) If R is a factoring subspace such that e/R is polarized, then R < TZ^- 

(c) e/TZe is the minimal polarized quotient of e. 
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Proof (a) (QEl) Let p be any point of F. Then it is opposite some dual point p* G F* so that 
p ^ H{jp*). Since H{p*) is induced by e this means that e(p) Pi i? C e(p) fl {H{p*))e = {0} and 
so (QEl) is satisfied. 

(QE2) Clearly {R,e{p)) < {TZe,e{p)) < {H{x*))e for any dual point x* satisfying p G H{x*). 
Now let p and q be distinct points of F. Pick an apartment S on p and q and let p* = 
opPs(p) q* = oppY.{q). Then p* is not opposite to q and q* is not opposite to p. Hence, 
e(g) ^ a.eH.(p)(^(^*))e > (7^e,e(p)) > (i?,e(p)) and e{p) ^ a*eH.(.)(^(r))e > (7^e,e(g)) > 
{R,e{q)). This proves (QE2). By Lemma 3.2 e/i? is again a full projective embedding. 

Moreover, since R < H{p*) for every dual point p* and {H{p*))e is a hyperplane of V, 
{H{p*))e/R is again a hyperplane of V^/i?. That is, e/R is again polarized. 

(b) Suppose R ^ Tie- Then there is some dual point p* such that R ^ {H{p*))e- As a 
consequence, {{e/ R){H{p*))) = V/R, contradicting that e/R is polarized. 

(c) This follows immediately from (b). □ 

3.2 Absolutely universal embeddings 

Combining Corollary 3.3 with Theorem 4 we find the following. 

Corollary 3.5 Let A be a spherical building obtained from an untwisted Chevalley group and 
let F be its K -shadow space, for some non-empty type set K (1 I . Then, the absolutely universal 
embedding of T, if it exists, is polarized. 

In [31] and [(>] it is shown that for many buildings A and type sets K, the shadow space F 
does possess an absolutely universal embedding. So Corollary 3.5 ensures that this embedding 
is polarized whenever that building is obtained from an untwisted Chevalley group. 

For several special single-node shadow spaces F even more is known. Namely, that a particular 
embedding induces a// hyperplanes of F. Then, since Veldkamp lines exist in those cases (See [10]), 
that particular embedding is the absolutely universal embedding. Clearly, in those cases the 
absolute embedding is polarized. Table 2 lists some of these shadow spaces. The entries 1-6 
come from [13]. In this table we find all embeddable non-degenerate polar spaces, (including 
those coming from untwisted Chevalley groups with diagrams M„ fc equal to one of -Bn,!, C'n,!, 
Dn,i). Note that all minuscule weight geometries of untwisted Chevalley groups are present: they 
are the geometries of type An,k (any k), Bn,n {n > 2), Cn,i {n > 3), Dn,n-i, Dn,n {n > 4), 
Eq^i and i?6,6; and E-jj (For a definition of a minuscule weight see Section 6). 
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Type of Geometry Source 



1) 


Desarguesian projective spaces of finite rank 


[51] 


2) 


Embeddable non-degenerate polar spaces of 
rank at least 3 and embeddable generalized 
quadrangles which do not possess ovoids. 


[12, 22, 32, 50] 


3) 


All embeddable point-line geometries with 
three points per line 


[36] 


4) 


The Grassmannian of projective lines over a 
field (74^ 2 (IF), n > 3, ¥ a field) and low rank 
geometries D^^^ and Eq^i. 


[19, 21] 


5) 


All embeddable Grassmannians yl„ fc(F), n > 2, 
l<A;<n-l, Fa field. 


[ ] 


6) 


All half-spin geometries D„^„(F), n > 4. 


[39] 


7) 


All orthogonal spin geometries 5„^„(F), where 
F is such that -82,2 (IF) has no ovoids. 


[13] 


8) 


The exceptional geometry £^7 7(F), F a field 


[11] 



Table 2: Shadow spaces whose universal embedding affords all hyperplanes 

3.3 Minimal polarized embeddings 

We first prove Proposition 3. 

Proof (of Proposition 3) Let e be any polarized embedding of the point-line geometry 0. Let 
71 = Tie be the radical of the absolute embedding of 9 and set e = e/TZ and V = V/TZ. By 
Corollary 3.3 e is polarized as well. Since e is absolute, there is some^subspace R such that 
e/R = e. Since e is polarized, it follows from Proposition 3.4 that R <TZ. The canonical maps 
corresponding to the inclusions {0} < R < IZ yield morphisms e — )■ e — )■ e. Since e does not 
depend on e, e is the unique minimal polarized embedding of G. □ 

We return to the situation where F is the i^'-shadow space of a spherical building A for some 
non-empty subset K of /. In Theorem 2 it was shown that any full polarized embedding e of F 
induces a full polarized embedding on each of the residues of F. The next result shows that the 
same is true if we replace "full polarized" by "minimal full polarized" . 

Theorem 3.6 A minimal polarized embedding of F induces a minimal polarized embedding on 
each residue of F. 

Proof Let {e,V) be a minimal polarized embedding for F. That is, TZe = {0}. Let R he a 
J-residue of A. Identify Skhj^R) — <Sa,k{R)- Let {e',V') be the embedding induced by e on 
<SA,KiR), that is, e' is the restriction of e to Va,k{,R), with codomain V = {VA,K{,R))e- By 
Theorem 2, (e', V) is polarized. It suffices to show that the polar radical TZe' is trivial. 
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Instead we prove a slightly stronger claim from which the result immediately follows. Namely 

7^g n 1/' = 7^e'. 

First of all, if x* is not opposite to any point of V/^^k{R), then 

{H{x*))e > e{{VA,K{R))) = y 

and so 

n,r\v'= fl {H{x*))er}V' = ^{H{x*)),nv\ 

X*(^'P* X* 

where x* runs over all dual points in V* that are opposite some point of Vk{R)- 

Now suppose that x* is opposite some point x of Va,k{R)- By Theorem 2.1 part (b), we 
have H{x*) nVA,K{R) = Hfi^Knj{x*^), where x*^ = projj:j(x*) and by part (a) of Theorem 2.1, 
x*^ e VKnj{R)- Moreover, by Theorem 2, (a), as x* runs over all dual points in V*, x*^ runs 
over all dual points in VKnj{R)*- Combining this with the previous equality, we find 

n,nv'= fl {Hji,Knj{x*''))e' = 7^e'. 

x*-"ePA'nj(R)* 

□ 

4 The Weyl embedding 

Let r be the i^-shadow space of the spherical building A, for some subset K of I. We prove 
Theorem 4.14, stated below, which says that if A is obtained from an untwisted Chevalley group 
G, then T can be embedded into a subspace of the Weyl module of suitably chosen highest 
weight. We shall call this embedding the Weyl embedding. A special case, where F is a single 
node shadow space was considered in [.3, 5]. 

4.1 r obtained from a BN-pair of G 

We shall assume that A is obtained from the universal Chevalley group G = M (F) over the field 
F with Dynkin diagram M over the set I = {1, 2, . . . ,n} via its thick i?A^-pair in the canonical 
way (see [37, 50, 53]). That is, we let A be the chamber system whose set of chambers is G/B 
and in which the distance function is given by 

6: Ax A = N/H, where H = Br]N, 

{gB, hB) I-)- w, where Bg^^hB = BwB. 

Let c be the chamber corresponding to B and let S be the apartment corresponding to the 
collection of B cosets NB. For every J ^ I, let Pj be the standard parabolic subgroup of G of 
type J. This is the stabilizer of the J-residue and the / — J-flag on c. 
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We now construct the i^-shadow space F = (P, C) of A as follows: 



V 
C 



G/Pl-K 

U^g^£fc, where 

{{ghPi_K I h e Pk} \ g eG} for each k e K. 



So C is the union of G-orbits of the "fundamental" lines {hPj^K I h G P{k}}- Incidence is 
symmetrized containment. 

Remark 4.1 For the above construction there is no need to restrict to the case where G is 
universal. As is proved for instance in [J,^, §5/ if G' is any other Chevalley group of type M over 
¥, then G' is a central quotient of the universal Chevalley group G. Since the center of G is 
contained in B (1 N, replacing G by G' in the above construction yields canonically isomorphic 
A and T. 



Given a weight A of the complex semi-simple Lie algebra of type M and a field F, we construct 
the Weyl module V = V{X)f and an associated Chevalley group G'a(IF) along the lines of [27, 
Ch. 4]. Another, ultimately equivalent, approach was taken in [ ]. 

The Kostant Z-form of the universal enveloping algebra. Let 0c be the semi-simple 
Lie algebra with Dynkin diagram M indexed by / = {1,2, ... ,n} over C. Let il = il(0c) be its 
universal enveloping algebra. Fix a Cartan subalgebra f)c of 0c and a choice of positive roots 
with fundamental roots ai, . . . , an, along with a Chevalley basis C in 0c consisting of co- 
roots Hi, ... , Hn G f)c5 Hi being the co-root associated to a^, as well as a positive root vector 
Xa and a negative root vector for each a G Let be the Z-span of this Chevalley 
basis C; it is stable under the Kostant Z-form itz of il, which is generated by 1 along with all 
products Hi{Hi — 1) • • • {Hi — a + l)/a! and all X^/a\ and Y^/a\. Then we can find a triangular 
decomposition il = il~il°il"'" relative to a fixed ordering of the set of all positive roots ai, . . . , 
compatible with il^. For example, ilj has as a Z-basis all products X^J / (oi!) • • • X^^/(ar!). 

The Verma module M{X)c and admissible lattices. Let E be the real subspace of the 
dual space f)^ of f)c spanned by the root system $. The set = {A G E | \{Hj) G Z Vj G /} 
forms a lattice and is called the weight lattice. It has a Z-basis {Aj | i G /}, where Aj is the 
fundamental dominant weight associated to the z-th node of M (labeled as in [ -]) and has the 
property that Xi{Hj) = 6ij for all i,j G /. Thus A^^ is the Z-span of {Aj | z G /}. Roots are 
also weights and, accordingly, the root lattice Ar < A^ is the Z-span of the fundamental system 
n = {ai I i G /}. There is a natural ordering on weights given by setting ^ -< v, whenever u — n 
is a sum of positive roots {fi, v G A^,). 



4.2 The Weyl module V{\) 





F 
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Now given any weight A, there is a gc-module M(A)c, called the Verma module, having a 
unique maximal submodule M' and unique simple quotient V{X)c (also denoted L(A)c) (See 
e.g. [15, Ch. 10]). It is a well-known result that this simple module is finite-dimensional if and 
only if A is dominant. That is, A = Xlie/ ^iX) where G N are not all zero. Since this is the case 
we're interested in, we shall henceforth assume that A is dominant. Of particular importance for 
us are the following weights 

\k = Afc for some non-empty subset K C I. 

k(^K 

The module V^(A)c is generated, as a 0c-module, by a vector t>+ of weight A. We pause 
here to insert an important observation on weight spaces of a finite-dimensional gc-module V. 
For any fi G Pl^, let = {v E V \ H ■ v = fi{H)v for all H G f)c} be the weight space of V 
corresponding to fi. The weight-lattice of V is defined by A(y) = {/U G Pi^ | 7^ 0}. It satisfies 
Ar < A(^) < [45, §3]. We shall denote A(A) = A(l^(A)c). Now A is the highest weight of 
V{X)c in the sense that it is maximal in A(A) with respect to the ordering -<. Accordingly we 
call a maximal or highest weight vector. 

Following [ , Ch. 27] an admissible lattice in V{X)c is a finitely generated Z-submodule 
of V{X)c that spans V{X)c over C, has Z-rank at most dimc(l^(A)c) and is invariant under 
it^. The minimal choice would be A^i^i = ^(A)z = ^zv^- There is also a unique maximal 
admissible lattice, denoted Amax ; it can be obtained as the dual of a minimal admissible lattice 
in the dual module (See also Example 5.3). Any other admissible lattice A for V^(A)c satisfies 
^min <A< Arnax- For any /i G A(A), we set A^ = An (K(A)c)^. 

In the remainder of this section, unless otherwise specified, we shall work with minimal admissible 

lattice Arain = V{X)z. 

Proposition 4.2 

(a) V"(A)c is an irreducible Qc-module spanned by a vector v'^ of highest weight X. 

(b) V"(A)c is the direct sum of its weight spaces. That is, V{X)c = 0^gA(A) ^('^)c,^; where 
ViX)c,x = Cv+. 

Let A be any admissible lattice in V^(A)c and let A^ = Ar\ V{X)c^^. Then we have 

(c) We have A = ©^gA(A) '^^'^ ~ ^"^^ Z^'" suitable choice of . 

(d) For each weight /i ofV{X)c, A^ spans V{X)c,fi- 

Proof Proofs can be found in the following references, (a) [ , Ch. 10], [ , Ch. 21]; (b) [15, 
Ch. 2], [25, Ch. 20]; (c) [ , Ch. 27] In particular Theorem 27.1 and its proof, (d) Clearly, for 
each weight fi of V{X)c, we have (A^) < V{X)c,fi- Now note that, by definition, A spans V"(A)c. 
Combining (b) and (c), we see that A spans V^(A)c if and only if, for each fi, (A^) = V^(A)c,^. □ 

As an example the minimal admissible lattices for = 5(2 (C) are described in Lemma 4.3 
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Lemma 4.3 [25, Ch. 7] Let Qc = st2(C) and let A = mAi for some m G N. Also write a = a\. 
Then, we have 

(a) Amin = V{X)z is a free Z-module with basis {vo,vi, . . . ,Vm}, where Vi = (Y^/i\)v^ . 

(b) Setting v_i = fm+i = 0, we have 

HaVi = (m - 2i)vi, XaVi = {m-i + l)vi^i, Y^Vi = {i + 

(c) The maximal lattice Amax corresponding to A^i^ is a free Z-module with basis {/o, /i, . . . , /m}, 
where the action is given by 

Hafi = {m-2i)fi, Xafi = ifi-i, Y^fi = {m + 1 - i)fi+i. 

Here fm+i = f-i = 0. In fact we have Vi = {"^)fi for all i. 

Passage to an arbitrary field F. We now pass to an arbitrary field F. We follow Chapter 
27 from [_ ,]. Let q{X)i be the stabilizer in gc of it contains the Z-span of the Chevalley 

basis C for 0c- In fact 

0(A)z = f)(A)z © ZX, © ZF,, 

where = {i/ G f) | V/i G A(A) : ^i{H) G Z}. Now we pass to the field F by setting 

V(A)f =F©znA)z, 
s(A)f =F®z0(A)z. 

The module V{X)^ shall be called the weak Weyl module of highest weight A over F. 

Remark 4.4 The construction of ^(A)^, ^{X)z O'nd V{X)^ can be done using any admissible 
lattice A instead of the minimal lattice V{\)i- It is shown in loc. cit. that up to isomorphism, 
q{\)z and f)(A)z only depend on V(A)c (or in fact A(A)j, not on the choice of A. However, it 
does affect the Q{X)f -action on V{X)y, as one can deduce from Lemma 4-3. 

Remark 4.5 For any weight /i G A(A) and a G A^, we have (1 ©i/j) • (1 ©a) = fi{Hi) ©a, where 
fi{Hi) G F. Thus, if F has characteristic 0, distinct weights of V^(A)c induce distinct weights 
ofV{X)Y- On the other hand, if ¥ has positive characteristic p, then it may occur for distinct 
weights fi and v ofV{X)iz that ^{Hi) = i/(ifj)(mod p) for all i = 1,2, ... ,n. In particular F©^^^ 
and F ©^ A^, belong to the same weight space o/K(A)f- 

Definition 4.6 For each weight fi G A(A), we shall set V{X)y,^ = F ©^ A^ and call this the 
reduced fi-weight space. 
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We continue the example from Lemma 4.3 in Lemma 4.7. 
Lemma 4.7 Let q{X)w = 5i2{¥) and let A = mAi for some m G N. 

(a) Then, V{X)y is an si2{¥) -module of dimension m + 1. 

(b) The module V{X)w has a basis {vq, vi, . . . , Vm} such that the formulas describing the s[2(F)- 
action are as in Lemma ^.^(b). 

(c) // Char(F) = or Char(F) = p and m is restricted, i.e. < m < p, then V{X)v is cyclic 
as an si2{¥) -module. 

Proof Parts (a) and (b) follow immediately from Lemma 4.3. Part (c) follows from the fact 
that under these conditions all coefficients in the action formulas of Lemma 4.3 are non-zero in 
Z and remain so on reduction modulo p. □ 

Remark 4.8 If one constructs the module V{X)y and the si2{¥)-action from the maximal lattice 
^max; then there is a basis {/o, . . . , fm} such that the formulas describing the 5i2{¥)-action are 
as in Lemma 4-3{c). 

The Chevalley groups For any a G and n G N, the elements Xa,a = X'^/a\ and ya,a = 
Y^/a\ belong to ilz and hence leave V{X)z invariant under their action on the module V{X)c- 
Hence they also induce endomorphisms of V{X)y = F®^ V"(A)z, via a representation that we shall 
call p. Note that for large a, these elements represent the null operator on V^(A)c- Therefore, for 
any constant t G F, the element 

oo 
a=0 

is an endomorphism of V{X)r. It is a purely formal fact that Xa{t)^^ = Xa{—t). We now let 

Ma(a)(F) = {x^{t),y^{t) I a G <l>+,t G F) < SL(y(A)F) < End(\/(A)F). 

The group operation is the multiplication of End(y(A)F), i.e. composition of endomorphisms. 
This group is a Chevalley group of type M over F. Up to isomorphism it only depends on A(A), 
but not on the choice of A. We shall also use the notation Ma(F) = Ma(a)(F) 

The group Ma^(F) is called the adjoint group and denoted Mad(F). It can be obtained from 
the adjoint representation of Qc, whose highest weight is the "highest root", denoted a* (see 
column 3 in Table 3). The group Ma„(F) is called the universal group and denoted M(F). 
Given A we have < A(A) < A^; and central surjective homomorphisms M(F) — )■ Ma(a)(F) and 
Ma(a)(F) ^ Mad(F). We also have Z{M{¥)) = Hom(A^/Ar, F*) [45, §3]. In particular, we can 
always view V{X)f as a M(F)-module, regardless of the choice of A. 
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M 




Mad 


Ma' with 

< A' < A^„ 


M 


An{n > 2) 




PSL„_|_i, Al + A„; 




SL„+i, Al 


Bn{n > 3) 


Z2 


PS02n+i,A2; 7^ n) 






Cn{n > 2) 


Z2 


PSp2„, 2Ai; Ai(i even) 




Sp2„, odd) 




Z2 X Z2 


PSO+ A2; 


SO^, Al, A3, A4 


Sping 


Dn{n > 5, odd) 


Z4 


PSO+, A2;Ai(2 </-2,even) 


S0+ ,Ai(z < / -2,odd) 




Dn{n > 6, even) 


Z2 X Z2 


PSO^„, A2;Ai(i < /-2,even) 


SO+,A,(z</-2,odd) 


Spill2n5 -^n-l^An 


Ee 


Z3 


Eq, A2; A4 




Eq, Ai,A3,A5,A6 


Er 


Z2 


Et, Ai;A3,A4,A6 




-^7, A2, A5, A7 



Table 3: Chevalley groups 

For types i^g, -F4 and G2 we have A^ = A„, so that Mad(IF) = M(F). Table 3 lists the possible 
Chevalley groups for the other spherical types, along with some weights giving rise to these 
groups. Most of Table 3 comes from [ , §3]. In columns 3, 4, and 5, we list the group along 
with some weights A for which Ma(;v) is the desired group. Dynkin diagram labelings are as in [8]. 
The first weight in column 3 is a*. The remaining weights can be found from Chapters 8 and 13 
in [15] with an easy calculation. 

Remark 4.9 Steinberg's table [40, %3] also points out that PS02n+i — S02n+i- From Ree [35], 

we also have B^^^ = Pfi2n+1, = ^2n+l, ^n,ad = P^^n; "-^d = ^tn- 

There does not seem to be a standard notation distinguising the adjoint and universal Cheval- 
ley groups of types Eq and E-j. We shall write -E'n(IF) = £'n,ad(lF) (and En(^) = -En (IF) ). 

From now on we shall write Gad = Mad(F), G = M(F), and Gx{¥) = Ma(a)(F). 

Definition 4.10 The module V{\)¥ is in general not cyclic. In some cases it may depend on 
the choice of A. However, when for instance 00 > dim(\^(A)c) > |Ga(IF)|, so that V{\)w has 
^-dimension strictly greater than the size of the group algebra, the module cannot be cyclic. 

We shall denote the Gx{¥) -module generated by by \ = V{X)f and call this the Weyl 
module of highest weight A. For V"(A)f itself we reserve the name weak Weyl module. Note that 
in some cases, such as when Char(F) = 0, these modules coincide. 

We illustrate what may happen using the example from Lemma 4.7. 
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Lemma 4.11 Let M = Ai. Write a = a\ and let A = mAi for some m G N. Let V = V{X)w be 
obtained from V{X)z- Then all of the following hold. 

(a) The G\{¥) -module V has dimension m+1 and¥-basis {vo,vi, ... ,Vm} , where Vi = (Y^/i\)v~^ 

(b) // F has sufficiently many elements, then V is cyclic and generated by as a Gx(¥)- 
module. This is the case if¥ is infinite or if¥ is finite, but \¥\ > m + 1. 

(c) // Char(F) = 0, or Char(F) = p > and m is restricted, then V is irreducible as a 
Gx(¥) -module. 

Proof (a) Follows immediately from Lemma 4.7. 

(b) Consider the element ya{t) = Yl^o (if) have ya{t)v^ = ^^o^*"^*- Therefore, if F 
contains distinct elements to; • • • ;^m, then (t*)™-^Q is a Vandermonde matrix. Hence the elements 
yaito)v^ , . . . , ya{tm)v~^ are hnearly independent over F. 

(c) If V is any submodule then it has a highest weight vector. Thus this highest weight 
vector is (a scalar multiple of) Vi for some i. Note that, due to the fact that m is restricted, all 
of the coefficients appearing in part (b) of Lemma 4.3 are non-zero over F. Hence an argument 
similar to that of part (b) shows that V also contains fj+i, . . . ,fm- Applying the argument of 
(b) to Xait)vm, we scc that V also contains Vq, . . . , f j_i and so V = V. □ 

Remark 4.12 Suppose that we pick some finite field ¥p, p prime and a weight A = mXi with 
m > I SL2(Fp)|. Then, from Lemma 4-11 we see that while V{\)ic is irreducible for SL2(C), the 
module V{X)^ is not cyclic since its dimension exceeds that of the group algebra FpSL2(Fp). So 
in this case V = V{X)^^ is a proper submodule ofV{\)j^. 

The i?A^-pair of Ga(IF) To finish this subsection we identify some relevant subgroups of G\{¥), 
following [14]. 
The group 

Ga = (Xa(t),l/a(t) \te¥) 

is a Chevalley group over F with diagram Ai. By the above discussion therefore, Ga(IF) is a 
quotient of SL2(F), the universal group of type Ai, and it has the adjoint group PSL2(F) as a 
quotient. More precisely, for each a we have a surjective homomorphism 

^ yait) 

The Steinberg presentation theorem [','] says that in case G\{¥) is universal, G\{¥) can be 
viewed as being generated abstractly by elements of the form Xait) and yaif), (a G t G F) 



0a:SL2(F) 

?) 
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subject to the Chevalley commutator relations, and such that the above homomorphisms are in 
fact isomorphisms. 

For each a G and t e¥, let 

ha{t) 

For each a G let 

We now have the following distinguished subgroups of G'a(IF): 

U+ = {U^\ae $+), H={H^\ae $+), B+ = U+H, 
U- = \uj\ae $~), N =\N^\ae $+), = U~H. 

We also set rii = ^^.(l), for all z G /. 

Theorem 4.13 (see [I4J) Let B = . Then, the pair {B, N) is a BN-pair of type M for Gx(¥). 
More precisely, setting W = N/H and = UiH, for i E I , the pair {W, {rjjjg/) is a Coxeter 
system of type M . 

4.3 The Weyl embedding 

Continuing the notation from this section we now let 

A = A,^, V = r(A)0, G = M(F). 

Let U = U^, , B = B^, B^ , N and H be defined as in Subsection 4.2, starting with the 
universal Chevalley group G. We assume that A is obtained from the UiV-pair {B, N) of G. We 
also assume that F is the if-shadow space obtained from A as in Subsection 4.1 

Theorem 4.14 The shadow space F = {V,C) has a full projective embedding into the Weyl 
module V for G as follows 

ew-.V -^P(V) 

gp {gv^), 

for any choice of a point pofV. 

Proof The proof is the same as the proof of Lemma 3.1 in [0], after noting that the weight 
A = \k is restricted for any characteristic, and V is cyclic by definition. □ 
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Remark 4.15 Clearly if we consider an arbitrary weight A = Xlie/"^*-^*' where nii G N, and 
we define the support of A to he the set supp(A) = {i E I \ rui > 0}, then V = V(A)^ affords 
some kind of embedding of the shadow space of type / — supp(A). The arguments used above show 
that the point-set is mapped into the set of 1-spaces of \ . The standard line of type k is now 
mapped to an arc in the {mk + 1) -dimensional subspaces = {gv~^ \ g e Pi)v- Such modules are 
well-known, so studying such embeddings is within reach and some of them might be interesting. 

5 The minimal polarized embedding obtained from the 
Weyl embedding 

In this section we show that the Weyl embedding is polarized and that its minimal polarized 
quotient is the unique irreducible module L{Xk)^ of highest weight Xk- 

5.1 Opposite structures, actions and representations 

The reader familiar with opposite structures can skip this subsection. In general, if K is a 
category, then the opposite category K°pp is the category with the same objects as K, but with 
arrows reversed. Thus the identity map id: K — t- K°pp is a contravariant functor. For example, 
if G is a group with operation *, then the opposite group G"^^ is the set G equipped with the 
opposite operation given by x y = y* x for all x,y & G. Note that if G is commutative, 
then id: G — )■ is an isomorphism. Similarly, if i? is a ring with multiplication *, then the 
opposite ring R°^^ is the additive group of R equipped with the opposite multiplication *°pp. 

Now let i? be a commutative ring with 1. The definition of the opposite of an associative 
-R-algebra A now follows from the definitions above. If ii is a Lie algebra over R with bracket 
[■,■], then the opposite Lie algebra £°pp is the i?-module -C equipped with the opposite bracket 
given by [x, = [y,x]. For an associative i?-algebra A with multiplication *, let -C(A) denote 
the Lie algebra on the i?-module A equipped with the bracket [x,y] = x*y — y*x. Then, we 
have £(A°PP) = Q{Aypp. 

An isomorphism between a group, ring, algebra, or Lie algebra X, and its opposite X°pp is 
called an anti-automorphism of X. 

5.2 The contravariant form on V{X)¥ and the irreducible quotient 

i^(A)F. 

In this section we follow the approach sketched in [27, 54, 52, Section 3.8]. We first define an 
automorphism r of the vector space underlying Qtc by setting, for each a e $, (see e.g. [^(i]): 

T^T -y TTT TT -yr Y 
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and extending C-linearly. It follows from the isomorphism theorem for semi-simple complex Lie 
algebras [28, Ch. IV] that r induces an anti-automorphism of 0c- Naturally this extends to an 
isomorphism, also denoted r, between il = il(0c) and H^q^^). We can view ii^Q^^) as 11°^^ as 
follows. 

First note that, as vector spaces, 0c = 5c"^ and that the tensor algebra T(0c) and its opposite 
T°PP(0^^'') are isomorphic via the map r, given on pure vectors by xi®- ■ -^Xn ^ Xn®- ■ -^xi {n e 
M, Xi e 0c)- Thus we can construct il = T(0c)/a and 11(0°^^) = T°PP(0°PP)/a°PP (see e.g. [15]), 
where 3 = {x®y-y®x-[x,y\ \ x,y e 0c) and J^pp = {x&^^y-y®°^^x-[x,yY^^ \ x,y e 
are two-sided ideals of the associative algebras. Now note that 3 = Df°PP as subspaces of the vector 
space T(0c) = T°pp(0^''''), so that as vector spaces il = il(0£'''). Hence 11(0^''^) can alternatively 
be constructed by taking the opposite associative algebra of il and taking its Lie algebra, or, 
equivalently, by taking the opposite Lie algebra structure of il. Thus, r extends to a proper 
anti-automorphism of the universal enveloping algebra il and its underlying associative algebra 
structure inherited from T(0c). Since r preserves C, it restricts to a proper anti-automorphism 
of the Kostant Z-form il^. 

From r one creates a symmetric bilinear form PzonV{X)z- Namely, one first defines a twisted 
0c-module '^V{X)c- The module '^V{\)c is the dual vector space ^^(A)^ with a twisted action 
defined as follows: 

{g ■ f)iv) = f{g^{v)) for all g e Q^J e l^(A)^, v e V(A)c. 
One verifies that ^^(A)c has highest weight vector of weight A, defined by 

f+iv) = cif V e CV+ + ^V{X)c,,. 

The map 0:V(A)c — ^V{\)c given by uv^ i— )■ uf^ {u G il) induces a unique il-module iso- 
morphism. Clearly it restricts to a ilz-module isomorphism (j):iXiv^ — )■ ilz/"*". We now define a 
bilinear form /3 on V^(A)c by setting 

l5{vi,V2) = (j){vi){v2) for all vi,V2 G ^(A)c. 
The form P has the following properties (see §3.8 and §2.4 of [ ]). 
Lemma 5.1 

(a) The bilinear form (5 is contravariant. That is, 

(3{gu, v) = (3{u, g'^v) for all (7 G il, and all u,v E V(X)c. 

(b) The form /3 is symmetric and non- degenerate on V{X)c. 

(c) Weight spaces corresponding to distinct weights ofV{X)c are orthogonal with respect to p. 
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(d) We have f3{v^,v^) = 1. Hence, it restricts to (3: A^i^ x Amin — )■ Z. Mutatis mutandis, (a), 
(b), and (c) also hold for this restriction. 

We note that in Lemma 5.1 part (c) is a consequence of (a). 
Tensoring over Z with F, we obtain a symmetric F-bihnear contravariant form /3 on V{X)f. 

Corollary 5.2 

(a) The form /3 induced on V{X)f is a symmetric ¥-bilinear contravariant form such that 
I3{v+,v+) = 1. 

(b) Reduced weight spaces of V{X)r corresponding to distinct weights of V^(A)c are orthogonal 
with respect to (5. Hence, weight spaces corresponding to distinct weights of V^(A)f are 
orthogonal with respect to (3. 

Statements (a) and (b) also hold when V{X)r is replaced with the submodule V{X)^ generated by 
v+. 

Example 5.3 Let qc = s[2(C) and X = mXi, for some m E N. The minimal admissible lattice 
^min = V{X)z is the Z-span of the basis V = {vq, . . . ,Vm} from Lemma 4-3 part (b). We now 
construct '^V{X)ic. Let {/o, fi, ■ ■ ■ , fm} be the basis ofV{X)}^ dual to V, i.e. such that fi{vj) = Stj 
for < i, j < m. Using the formulas from Lemma 4-3 part (b), together with the fact that r fixes 
and interchanges and Y^^ we find that the action o/s[2(C) on '^V{X)c is given by the 
formulas in part (c) of that lemma. The isomorphism (p: V{X)(c — )■ '^^(A)c is given by Vi h-j- 
for all i = 0,1,..., m. Hence, with respect to the basis V, /3 is given by the diagonal matrix 
with entry (™') in the i-th row and column. We have A(A) = {(m — 2i)Ai | i = 0, 1, . . . , m} with 
^min,(m-2j)Ai = ^"^ij for cach 1. Lcmma 5.1 and Corollary 5.2 are easily verified in this case. 
Also, the maximal lattice in V{X)c corresponding to A^^-^ is Amax = {/ ^ ^(A)c I f^{f,a) G 
Z Va G ^min}; which is the Z-span of {vi/ ('^) | i = 0, . . . , m}. 

We now extend the preceding results to the Chevalley groups. 

Proposition 5.4 The map r induces an anti- automorphism of G\{¥) that satisfies 

Xaity = x^aif) for all a e ^,t e F. 

Before we prove Proposition 5.4, we introduce some notation connecting the various module 
structures involved with the corresponding representations. 

Let p: Qc — )■ 0t(K(A)c) denote the representation corresponding to the left-module structure: 
p{x){v) = x-kv. Let {■,-):V{X)q x V"(A)c — )■ C be the standard pairing given by {f,v) = f{v). 
One verifies that the C-linear map p"!':^^^^ — )• g[(V(A)^) denoted p"''(x)(/) = x / and given 
by {x •k'^ f,v) = {f,X'kv), for all x G Q^"^, f G V{X)^, and v G V^(A)c is a homomorphism. 
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The composition = p^or is the representation p^-.Qc QK^i'^Tv) ^^at turns V{X)*^ into the 
0c-niodule '^V"(A)c. We denote the action x*'^ f = p^(x)(/). It satisfies x -k"^ f = x'^ -k^ f. 

We then have natural extensions to the universal enveloping algebras it, that we denote 
p, p"^, and p^ as well. The isomorphism sends x -k i— t- x -k"^ f~^, for all x G il. Setting 
V{X)z = and V{X)l = if^^i^^f^ = Hz*"/"*", we see that restricts to 0: V{X)z ^ V{Xy^. 

Since we also have (/"'', f^) = 1, the pairing restricts to (■, ■): V{X)^ x V{X)i — )■ Z. Therefore we 
have restrictions piitg qI{V{X)z), P^-^*^^ -> sK^Wz), and p":ilz qI{V{X)^), such that 
induces an isomorphism between p and p"^, and, for every / G ^(A)^, a; G il^, and v G ^(A)z, 
we have (x /, f) = (/, x*f). Combining all this we find that, for Vi,V2 G l^(A)z, we have 

l3{X'kVi,V2) = {(j){x-k Vi),V2) = {x-k'^ (j){Vi),V2) = {x^ 'k'' (p{vi) , V2) = {(f){vi) , X'^ kV2) = f3{vi, X'^ kV2) , 

i.e. P is r-contravariant. 

As stated in Corollary 5.2, when we pass to the field F these properties are preserved. First 
tensor r to get an isomorphism Ty'.IXf ii^''^. Next, we tensor the representations p, p"'" and p"^. 
For example, we define ppiilp — &i(y{X)f) by c^x i— )■ c(g)p(x) and with corresponding action (c® 
x)'k[d^v) = cd®x-kv. The others are defined similarly. Note that pf also defines a homomorphism 
between the underlying associative algebras. One verifies that pj = p\oT^. Tensoring the ilz- 
module isomorphism gives an isomorphism of F-vector spaces (f)^: 1^(A)f — )■ V{X)f. Conjugation 
by (j)^"^ gives an isomorphism of associative algebras 0^: End(l^(A)F) — ?■ End(F(A)p), which also 
induces an isomorphism between the corresponding Lie algebras 0*: 01(V^(A)f) — ?• QKy{.X)f). 
Thus we have the following commutative diagram of associative algebra morphisms. 

ilF^ ^"End(V(A)F) (1) 

^^End(\/(A);) 




Proof (of Proposition 5.4) We shall construct the Chevalley group G\{¥) as well as the group 
G\{¥) for flc'^. We then show that G^(F) is naturally isomorphic to the opposite group G'a(IF)°p'' 
and that r induces an isomorphism G\{¥)* = G'a(F)°pp. 

The group G'a(F) is generated as a subgroup of the multiplicative group of End(V(A)F)) by 
images under pp of elements of the form x^{t) = ^2^=0^"" ® Thus we have pwix^it)) = 

YlT=o^"^ ® Pi^a,a) and the action on V{X)f = F ®z ^(A)z is therefore given by Xa(t) -k (1 ^ v) = 
X;^o^" ® i^a,a*v), for any a G $, t G F, and v G V{X)z- 

If V is the category of finite dimensional F-vector spaces and linear transformations and 
D: V — )■ V denotes the duality functor, sending each G V to its dual V* E Y and each linear 
transformation E to E*:f ^ f°E, then D is contravariant and D°pp:V — t- V°pp is covariant. 
Now view End(K(A)F) as the subcategory with single object V{X)y in which the morphisms are 
those of V having 1^(A)f as starting point and end point. Since 1^(A)f is finite dimensional, we 
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have V{X)^* = V{X)f and it follows that D°pp restricts to an isomorphism between End(V(A)F) 
and End(l^(A);)°PP. 

Composing D°pp with p^: iif — )• End(V(A)F) we get a dual representation p^°^^ = D°PPopp: Hf — )• 
End(\^(A)p)°PP. Taking opposites in the domain and codomain of Pf°^^, one verifies that we 
recover the representation p^-.H'^^ — > End(y(A)i^) introduced above. Thus all triangles in Dia- 
gram (2), which includes Diagram (1), commute. 




End(V(A)i 



(2) 



^End(y(A)J) 



Qopp 



End(V(A)F)°PP 

Let Gl{¥) be the Chevalley group for 0°^^ obtained using p^. Clearly D: End(\/(A)F) ^ End(y(A);^) 
satisfies pw{x^{t)) ^ pj[.(aJ^(t)), for all a G $ and t G F, and, being bijective and contravariant, 
it restricts to an anti-isomorphism between GaI^) and G^(F) . 

From the commutativity of Diagram (2), we deduce that r induces an isomorphism 0*: G'a(F) — )■ 
Gx(¥)* satisfying p(x^(t)) i— )■ p^{x-a(t)) as well as an anti-automorphism: D°ppo0*: G'a(F) — 
G'a(F)°pp which satisfies p(x^(t)) i— )■ p(xZ^(t)). This is the sought anti-automorphism. □ 

We shall denote the anti- automorphism of GaIF) induced by r also by r. 
It is now straightforward to verify the following. 

Lemma 5.5 For any g G Ga(F) and u,v E V^(A)f we have 



/3{gu,v) = /3{u,g^v) 



Recall from Subsection 4.2 that rii = noi(l), for i E I. 

Lemma 5.6 The subgroup Nq = {rii \ i E I) < N of the universal Chevalley group G is an 
isometry group for the form /3. 

Proof First we note that for each a G $ and t G F we have Xa{ty = x^a{t) and it follows that 
na(ty = {xa(t)x-a{—t^^)xa(t)y = ?2q, (— ) . In particular, na{iy = 7^0(1)^"'^. Recall also that 
T is an anti-automorphism, meaning that {ghy = h'^g'^ for any g,h E Ga(F). It follows that 
if n = ■■■ni^, then n"^ = n~^. Hence, for u,v E V^(A)f, we have f3{nu,nv) = (3{u,n'^nv) = 
(3{u,v). □ 

It follows from Lemma 5.6 that weight vectors in one A^^Q-orbit have the same length with respect 
to (3. It should be pointed out that in Lemma 5.6 Nq cannot be replaced by in general. 
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Our motivation for introducing the contravariant form /3 is that it gives a connection between 
the Weyl module V = V^(A)p and the unique irreducible module L(A)f of highest weight A (see 
See [27]). 

Proposition 5.7 (cf. [27, §3.8]) The Weyl module V = l^(A)p has a unique maximal Gx{¥)- 
suhmodule and this submodule equals the radical of (3 in \ . As a consequence, (3 induces a 
non- degenerate contravariant form on the simple quotient L(A)f- 

Proof The proof is the same as that of Proposition 3.8 of [27] after noting that V = V(A)p is 
cychc. □ 



5.3 The Weyl embedding is polarized 

Recall that Gx{^) is a central quotient of the universal Chevalley group G. Hence any Ga(IF)- 
module is automatically a G-module. 

Proposition 5.8 The Weyl embedding ofV into P(V) is polarized. 

Proof Let S be the apartment of A corresponding to and let c"*" be the chamber corresponding 
to B. Let p be the point of F on c"^. 

Recall that V = V{X)^. For any weight /i G A(A), let denote its reduced weight space as 
defined in Definition 4.6. Recall that ewip) is the subspace Va of V spanned by 1 (g) t>+, where 
f is the highest weight vector. Also note that for any point g of E we have q = wp for some 
w & W — {1} so that ew{q) = wY\ = V^. Now if p q, then since dim(VA) = 1, we must have 
fi = w\ 7^ A. Thus, (3{ew{p), ^wil)) = for all points g on E different from p. 

Note that the chamber c~ opposite to in E corresponds to = wqB^wq, where Wq is the 
longest word in the Coxeter system {W, {rj}jg/). Now let p* be the dual point of F* on c~ and 
let H{p*) be the hyperplane of F consisting of points not opposite to p* in A. Then for every 
point q' G H{p*) there is an apartment E' on q' and c~ . The group B~ stabilizes p* while being 
regular on such apartments so there is some b G B~ with 6E = E' and there is some point q on 
E such that bq = q'. Since q' was not opposite to p*, q ^ P- 

Turning back to the embedding we note that by contravariance and since b'^ G B~^ = B, we 

have (3{ew{p),ewiq')) = (3{ew{p),bew{q)) = (3{b''ew{p),ewiq)) = f3{ew{p), ewiq)) = 0. Thus 
the hyperplane ew{p)^ = ker(/3(w"'", — )) contains {H{p*))e^. Since H{p*) is a maximal subspace 
of F and using Lemma 1.2, we find 

ew{p)^ = {H{p*))e^. 

Part (b) of Lemma 1.2 moreover tells us that the hyperplane H{p*) is induced by V. Since G 
and hence also G'a(IF) are transitive on dual points, and since /3 is contravariant, the same holds 
for all other dual points of F*. Thus V is polarized. □ 
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Corollary 5.9 Let ew be the Weyl embedding of T into the Weyl module V and let IZ he the 
polar radical of ew Then the codomain of the minimal polarized embedding with respect to 
is the unique irreducible Gx{¥)-module L{X)f of highest weight A. 

Proof From Proposition 5.8 it follows that 

7^ = fl {Hip*))e^ = n ewip)^ = Rad(/3). 
p*er* per 

Therefore the codomain of the minimal polarized embedding with respect to ew is = 
V {X)f / Rad{f3) , which by Proposition 5.7 is the unique irreducible G'A(IF)-module of highest 
weight A. □ 

Theorem 4 now follows from Proposition 5.8 and Corollary 5.9. 



6 Minuscule weight geometries 

Let A = Afc be a fundamental dominant weight that is minuscule. This means by definition 
that the weight lattice of V{X)c equals the orbit of A under the action of the Weyl group W. 
In particular, all weight spaces have dimension 1. Recall that A^ is a minuscule weight for the 
diagram M if Mfc is one of the following: An,k (any k), Bn,n {n>2), C„,i (n > 3), Dn,i, Dn,n-u 
Dn,n > 4), i?6,i and -^6,6, or E^j. For names and dimensions of these embeddings see Table 4. 

Call e = ew the embedding of F = into V = V^(A)^. The weight spaces of V are 
precisely the images of the point set of the apartment E = WPj^^k] of F corresponding to W, 
and in almost all cases these points generate F (see [1] for a precise statement). By Theorem 4 
the embedding V is polarized. Moreover, V{\)f = V = -L(A)f since if V{X)f had any proper 
submodule, it would be the direct sum of its weight spaces. But the weight spaces of V{X)¥ are 
all of dimension 1 and form a single orbit under W. Hence, no proper submodule exists. In 
view of Lemma 5.6 it also implies that V has a basis of weight- vectors that is orthonormal with 
respect to (3. Therefore, (3 has trivial radical, which by Theorem 4 again implies that V{X)^ = V 
is irreducible. 

We finish this section with a brief remark on generating singular hyperplanes. Let p be a point 
of S opposite some dual point p* also on S. We now see that the hyperplane {H{p*))e is exactly 
the hyperplane of V spanned by the set {e(g) \ p q 9. point of E}. It is proved in Blok [3] 
that often the hyperplane H{p*) itself is generated, as a subspace of F by the set of points of E 
different from p; this is the case for instance if the diagram M is one of An, Dn, Eq or Ej. 

In Table 4 we list the Weyl embeddings of the minuscule weight geometries. Here F is the k- 
shadow space of a building associated to the universal Chevalley group G = M(F) and V = 
V{Xk)F = V = L(Afc)F. 
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IVI 


Gr 


K 


AT" 
V 


aim(^V j 


An 


SWi(F) 


k 


Grassmann 




Bn 


Spin2n+i(F) 


n 


spin 


2" 


Cn 


SP2„(F) 


1 


natural 


2n 


Dn 


SpmJ,(F) 


1 


natural 


2n 






n,n — 1 


half-spin 


2n-l 




^6(F) 


1,6 


L{\k) 


27 




Em 


7 


L{Xj) 


56 



Table 4: Minuscule weight embeddings 



7 Grassmannians 

As a preliminary to Sections 8, 9 and 10, we collect some information on tensor products and 
exterior powers of modules for the Lie algebra q = q{\)y and its associated Chevalley group 
G'a(IF). In particular, we shall study the form /3 and the automorphism r. 

It is well known (see e.g. [1 and easy to check that whenever Vi, . . . ,Vi are g-modules, then so 
is Vi (g) ■ ■ ■ ® V; under the action 

I 

g ■ i = ^ f 1 ® ■ ■ ■ ® Vi^i ® gVi ® Vi+i <^ ■ ■ ■ ^vi, (3) 

i=l 

for all g E Q and t>j G for alH = 1, . . . , L Similarly, if is a g-module, then so is /\^ V under 
the action 

k 

9 ■ A^i^i = ^ t-i A ■ ■ • A A gv, A Vi+i A ■ ■ ■ A f^, (4) 

i=l 

for all g ^ g and Vi E V for all z = 1, . . . , fc. As for the action of G\{¥), it is well known and 
it follows easily from Equation (3) and the definition of Ga(IF), that whenever Vi,...,Vi are 
G'A(IF)-modules, then so is Vi ® ■ ■ ■ (8> V; under the action 

9 ■ ^i=iVi = gvi^ ■ ■ ■ <^ gvi^ ■ ■ ■ gvi, (5) 

for all g G Gx{¥) and f j G for all z = 1, . . . , /. Similarly, if \/ is a G'A(F)-module, then so is 
/\^ V under the action 

9 ■ ^i=iVi = gvi A ■ ■ ■ A gVi A ■ ■ ■ A gvk, (6) 

for all g G Ga(IF) and f j G V for alH = 1, . . . , k. 

Next, we describe how a covariant or contravariant form on a collection of modules for g or 
G'a(IF) induces a similar form on their tensor product or exterior powers. 
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Lemma 7.1 Let Vi, . . . , VJ be finite dimensional ¥ -vector spaces, let a be an automorphism of¥ 
of order at most 2 and let Q be a a-sesquilinear form on Vi. Then 

(a) there is a unique a-sesquilinear form C^® onVi® ■ ■ ■ ®Vi given by 
C®{ui®---®uuvi®---®vi)= T{\^^Ci{ui, Vi); 

(b) if each Q is non-degenerate, so is C®; 

(c) if each Q is symmetric bilinear, so is C® ; 

(d) if each Q is skew-symmetric, then is skew symmetric if I is odd and symmetric otherwise; 

(e) if each Vi is a module for g and Q is r-contravariant, then so is (® ; 

(f) if each Vi is a module for G\{¥) and Q is r-contravariant, then so is C®; 

(g) if each V is a module for G\{¥) and G\{¥) preserves Q, then Gx{¥) preserves . 

Proof (a) For each i we have a cr-semihnear map 0^: Vi — )■ V* so that Ci{u, v) = {(f)i{u),v), where 
(/> "y) = fiv) is the standard pairing V* x F. Note that 0® = 0i ® ■ ■ ■ ® 0;: Vi ® ■ • ■ ® 
V-^ ^ ■ ■ ■ ^V* is again a a-semihnear map. We can compose this map with the standard pairing 
V* ® ■■■ ®Vi* X Vi® ■■■ ^Vi ^ ¥ given by (/i ® ■ ■ ■ ® //, ® ■ ■ ■ ® t;,) = Ul^Jiivi) to get 
the form It is immediate from this construction that (® is a-sesquihnear. (b) The standard 
pairing is non-degenerate and in this case 0, and 0® are isomorphisms, (c) and (d) are trivial 
observations, (e), (f), and (g) are easily seen to follow from Equations (3) and (5). □ 

Lemma 7.2 Let V be a finite dimensional ¥ -vector space, let a be an automorphism of ¥ of 
order at most 2 and let ( be a a-sesquilinear form on V. Let A; G N with 1 < k < dim{V). Then 

(a) there is a unique a-sesquilinear form on /\^V given by 
C{ui A ■ ■ ■ AUk,Vi A ■ ■ ■ Avk) = det(C(Mi, Vj)); 

(b) if ( is non-degenerate, so is (^; 

(c) if ( is symmetric bilinear, so is ; 

(d) if ( is skew- symmetric, then is skew symmetric if k is odd and symmetric otherwise; 

(e) if V is a module for q and ( is r-contravariant, then so is (^; 

(f) if V is a module for G\{¥) and ( is r-contravariant, then so is ; 

(g) if V is a module for Gx(¥) and G\(¥) preserves (, then Gx(¥) preserves C^. 
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Proof (a) There is a cr-semilinear map (j):V ^ V* so that ({u,v) = {(j){u),v), where (/, f) = 
f{v) is the standard pairing V* x V ^ ¥. Note that 0^ = (j) A ■ ■ ■ A (p: /X'' V V* is 

again a cr-semihnear map. We can compose this cr-semihnear map with the standard pairing 
/\^ 1/* X /\^ 1/ ^ F given hy {fi A ■■■ A fi,Vi A ■■■ Avi) = det{fi{vj)) to get the form C^- Noting 
that det{({ui,Vj)) = l^pgsym(fc) sign(p)n*LiC(^i) ^p(i)) ^^^^ is cr-sesquihnear because 

as defined in Lemma 7.1, is a-sesquihnear. (b) The standard pairing is non-degenerate and in 
this case (f) and 0^ are isomorphisms, (c) This is because det(/j(fj)) = det(/j(f j)). (d) Same 
as in Lemma 7.1. (e), (f) and (g). These follow from Equations (4) and (6) together with the 
definition of the determinant as in (a). □ 

Thus, we see that and /3® are symmetric bilinear r-contravariant forms. Orthogonality of 
distinct weight spaces follows from contravariance as in Lemma 5.1. 



8 The projective Grassmannians 

Let A be the building of type An over the field F. The universal Chevalley group is G = SL{V), 
where is a vector space of dimension n+1 over F. Picking an ordered basis A = {ai, . . . , a„+i} 
for V, we identify G with SL„+i(F). A BN-pair for G is given by letting B be the upper triangular 
matrix group and the monomial matrix group. Then H = BClN is the diagonal matrix group 
and the Weyl group W = N/H = Sym(n + 1) in its action on the 1-spaces spanned by the 
standard basis elements. 

For each integer k with 1 < k < n + 1, the exterior power /\^ V is clearly a module for G under 
the action g{viA- ■ -AVk) = gviA- ■ -Agv^. For any non-empty subset J I, let aj = Aj^jaj, where 
the Qj appear with increasing subscripts. Recall that = {aj \ J C {1,2, ... ,n + 1},\J\ = k} 
is a basis for /\ V. One verifies that = a{i,2,...,fc} is a vector of weight that is stabilized 
by the subgroup of unipotent upper triangular matrices (see e.g. [i n, Ch. 13]). Thus is 
a vector of highest weight Afc. It is easy to see that is minuscule: the collection of 1-spaces 
spanned by elements from A^ forms a single orbit under W = Sym(n + 1). Thus, /\'' V is the 
irreducible Weyl module V{\k)¥ = V = L(Afc)F. 

The standard parabolic subgroup Pi^{k} is precisely the stabilizer of the fc-space p = {ai, . . . ,ak)v, 
which is a fc-object of A. The fc-shadow space F of A is the geometry whose points are the k- 
objects and where each line is the collection of points incident to some {k — l,k + l}-fiag. 
In accordance with Theorem 4.14, the standard embedding of F into /\^ V is given by 

p I— 7- A^p 

where A'^p = {pi A ■ ■ ■ A pk) for some basis pi, . . . ,pk of p. It is often called the Grassmann 
embedding. This is well-defined since if G SL(V^) induces a change of basis for p we have 
g{pi A ■ ■ ■ A Pk) = dpi A ■ ■ ■ A pk, where d is the determinant of the restriction of g to p. 
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Next, we identify the form /3 on the module V. Since is minuscule, Section 6 tells us that A'^ 
forms an orthonormal basis for /\^ V with respect to /3. Thus, if /3i is the form on V^(Ai)f, then 
f3 = (3^, as described in Lemma 7.2. 

Let us also identify r. The anti-involution r of G as described in Section 5 satisfies Xa{ty = 
X-a{t) for any t G F and a G $. In the present An case, the root system is $ = {aij \ i,j E I,i ^ 
j} where aij = —aj,i with respect to the fundamental system n = | i = 1, . . . ,n}. With 

respect to the BN-pair chosen above we have Xa^^it) = /„+i +tEij, where Eij is the elementary 
matrix whose entries Ck^i satisfy Ck^i = SikSji. Thus, r is simply the transposition map. 

9 Polar Grassmannians 

In this subsection F is a polar /c-Grassmannian of a building A of type M„ over F, where M„ ^(F) 
is as listed in Table 5. The building A is constructed from a non-degenerate reflexive sesquilinear 
or quadratic form ( of Witt index n on a vector space V of dimension m over the field F. The 
type of ( is given in the table and m is the subscript of the group, which is the full linear isometry 
group of (. In case ( is cr-hermitian, we restrict to the case where a G Aut(F) has order 2, F is 
a quadratic extension over the fixed field F*^ = {x G F | x'^ = x}, and the norm A^o-^F — F'^ is 
surjective. 
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elliptic orthogonal 


S02„+2(F) 


> 2 
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Table 5: Polar Grassmannians 



We first present a way to see that the Grassmann embeddings for these polar Grassmannians are 
polarized. Then we shall analyze [3 and r for the untwisted cases C^, and Dn). 

The points and lines of F are also points and lines of the projective /c-Grassmannian F of type 
^m-i,fc(F) associated to V (See Section 8). The Grassmann embedding of F restricts to a full 
projective embedding Cgr of F into some subspace V^r of the exterior power /\ V . This is called 
the Grassmann embedding of F. 

Proposition 9.1 Let V he a polar k-Grassmannian as in Table 5. Then the Grassmann embed- 
ding of F is polarized. 
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Proof Let if be a singular hyperplane of T. Since oppj is the identity on /, we have F = F* 
and so H = H{p*) consists of all points g of F not opposite to some point p*, which also belongs 
to F. Viewing points of F as A;-spaces in V, this means that H consists of all points g of F such 
that q n (p*)^ 7^ 0. Here ± denotes orthogonality with respect to (. 

Keeping in mind that ( is non-degenerate we find that p* = {p*)~^ is an (m — fc)-space of 
V, that is a dual point in (F)*. Let H = H{p*) be the singular hyperplane of F defined by 
p*. Then H consists of all /c-spaces q of V with qHp* ^ 0. Thus, (-f^)egr < {H)e^- Since the 
Grassmann embedding of F is polarized, {H)e^ is a hyperplane of /\^ V that induces H. Since 
( is non-degenerate, there is a point p in F opposite to p*, that is, not contained in {p*)~^ = p* . 
Thus we find that the codomain V^^ of F under Cgr is not entirely contained in the hyperplane 
{H)e^. Hence {H)e^^ is contained in the hyperplane V^r H {H)e^ of Vg^- By Proposition 1 and 
Lemma 1.2, H, is induced by Vgr- That polarized. □ 

Recall from Lemma 7.2 that C induces a form on /\^ V and hence on Vgr as follows. Namely, 
for ui, ...,Uk,Vi,...,VkeV, let 

C^(ui A ■ ■ ■ Auk,Vi A ■ ■ ■ AVk) = det{C{ui,Vj)). 

Let denote the orthogonality relation on /\^ V with respect to C^. For any subspace U < 
/\*^ F, let Rad(f/, C^) = JJ-^^ fl U. By Lemma 7.2, since G preserves (, it also preserves and 
hence Rad(Vgr,0). 

Lemma 9.2 Let T be a polar k-Grassmannian as in Table 5. 

(a) For any (dual) point p* = V we have {H{p*))e^^ = egi.(p*)"'"^; 

(b) as a consequence TZe^^ = Rad(V^r,C^)- 

Proof (a) First note that, by Lemma 7.2, is non-degenerate sesquilinear on /\^ V, so that 
Ggr{p*)'^^ is a proper hyperplane of /\'^ V. On the other hand, by Proposition 9.1, we know that 
(if(p*))eg, is a proper hyperplane of Vg^. Thus, it suffices to prove that {H^p*))^^^ C egj.{p*)^ . 
Let u = Ui A ■ ■ ■ Auk represent p* and let f = f i A ■ ■ ■ A f ^ represent some point q of F. Now 
= if and only if the columns of the matrix {C{ui,Vj)) are linearly dependent, which 
happens if and only if g fl (p*)"*" 7^ in and the latter is equivalent to saying that q e H{jf). 
In particular, {H{p*))e^, C egr{p*)^'^ . □ 

For the untwisted cases, we choose C, and the basis A for V in the following way. 
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Lemma 9.3 Let T be a polar k-Grassmannian as in Table 5, where is untwisted, that is, it 
is one of B^, Cn or Dn- Then, the Grassmann embedding is the Weyl embedding. 

Proof The Grassmann embedding is the restriction of the Grassmann embedding for the pro- 
jective A;-Grassmannian into /\^ V. The codomain V^^ is by definition the subspace of /\'' V 
spanned by the images of the points of T. Since we have G < SL(l^), the space Vgr is naturally 
a G-module. Transitivity of G on the point set of T shows that Vg^ is the G-submodule of /\ V 
generated by Cgj-ip) for any given point p of F. 

More precisely, under the Grassmann embedding the point p = (oi, . . . ,ak) of T is sent to 
the 1-space of /\^ V spanned by ai,...^fc. Since G < SL(l^) in all cases, we see that the Grassmann 
embedding is given by 

eg,:V ^F{/\'V) 

gp ^ (fi'ai,...,fc), for any g e G. 

We now consider the Weyl embedding. First let F = C. From [ ] we see that v'^ = ai^,,,^k & /^V 
is a vector of highest weight Afc. Now F(A)c = V{\)^ is the Gc-module generated by . 

Passing to an arbitrary field F, we see that V{X)w is also a Gp-submodule of /\^ V (where V 
is now an F- vector space) that contains the 1-dimensional highest weight space V"(A)f,a = Ff+. 
The Weyl module V is by definition the Gp-submodule of V{X)y generated by f □ 

Remark 9.4 Note that we now have two proofs of the fact that the Grassmann embedding of a 
polar k-Grassmannian associated to a polar space of type Bn, Gn, or Dn is polarized. Namely, 
Proposition 9.1 gives a direct geometric proof, whereas another proof comes from combining 
Lemma 9.3 and Proposition 5.8. 

We now describe r in terms of the description, given in [15], of the Lie algebra 0c and G in its 
action on the natural module. From the description of the root spaces in the Lie algebras of type 
Gni and D„ in loc. cit., we see that r is given by the transpose map on 0c, and hence also on G. 
In the Bn case r is given hy g ^ h~^g^h, where t denotes transpose and h is the diagonal matrix 
diag{2, 1, ■ ■ ■ , 1}. This formula, which is initially computed for Char(F) = 0, remains valid when 
Char(F) ^ 2. 

Remark 9.5 The forms and (3 are not equal, but it follows from Lemmas 9.2 and 9.3 
that for each p E T there is a p* G T* = T such that Cgr^p*)-^^ = egr(p)"'"'^, where ±^ de- 
notes orthogonality with respect to the contravariant form (5. In particular this means that 
Rad(l^gr,/3) =Rad(\/g„0). 
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10 Projective Flag-Grassmannians 



We continue the setup from Section 8 except that now F is a ii'-shadow space of A, for some 
arbitrary non-empty subset if C J = {1, 2, . . . , n}. By Theorem 4.14, F embeds into the Weyl 
module V = V^(Ax)f for 0f = 5t„+i(F), which is the submodule of V{Xk)¥ generated by the 
highest weight vector v~^. In this section, we construct the Weyl module from the natural 
st„+i(F)-module V, that is, of highest weight Ai. We give two constructions and study the form 
^- 

Write A = Xk- Our construction of V{X)y follows [ ]. Starting from a D-module V, where D 
is some integral domain, we shall give two descriptions of a space V]^, with the property that 
V^^ = 1/(A)f, when F is a field (see Theorem 10.6). To unburden our notation we shall drop the 
D unless strictly needed. The condition that D be an integral domain is not necessary in all that 
follows (see loc. cit.), but it is all we need. 

These constructions are valid for any weight A = Xlfcex ^fcAfc, where Xk is the kth fundamental 
dominant weight. To this end we identify A with the Young diagram that has Ik columns of length 
k. That is, the partition corresponding to the (rows of the) transpose of the diagram A is /x = 
{k'''')keK, where k runs through K in decreasing order; we sometimes write fi = (/ii, . . . , /i;), where 
/ = J2keK ^k- In the constructions below we shall in fact assume K [n + 1] = {l,2,...,n + l} 
so as to also include those modules involving determinantal representations. 

A universal description of V'^ Assume that A has d boxes. Let V^'^ be a cartesian product 
of d copies of V indexed by the boxes of A. Consider maps 0: V^'^ — )■ W , where W is some 
D-module, with the following properties: 

(i) is D-linear in each argument; 

(ii) (f) is alternating in each column of A; 

(iii) for any x G V^^'*', 0(x) = Yl^iy)^ where y runs through all vectors obtained from x by 
an exchange between two given columns of A with a given set of boxes in the right chosen 
column. 

If X and y are vectors indexed by the boxes of the same Young diagram A, then an exchange 
between x and y is determined by choosing, in A, two distinct columns i and j along with a set 
of s > 1 boxes in both columns; y is now obtained from x by interchanging the coordinates of x 
corresponding to the s boxes in columns i and j of A, while preserving their relative order within 
those columns. For an illustration, see Figure 1. For example, taking A = A3 + A2 and using 
rules (i), (ii), and (iii) with i = 1, j = 2, and s = 2, for f 1, . . . , ^5 G and a G D, we require 

that 4>{aVi,V2,V3,V4,V5) = a0(wi, f4, ^^5, ^^2, ^'s) - (X4>{V2,V4,,V5,VI,V3) + a4>{v3,V4,,V5,Vi,V2). 

We shall denote the universal target of such maps by V^. That is, there is a map i: V^^ )■ 
V'^ satisfying (i)-(iii) such that, given any map 0: K^'^ — )■ W satisfying (i)-(iii), there is a D-linear 
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V3 


V5 




V5 


V3 


X = {vi,V2,V3,V4,,V5) ^ 


V2 






V2 






Vl 




V4 





<^ {V4,V2,V5,VI,V3) = y 



Figure 1: An exchange between two sets of two boxes in columns 1 and 2 

map 0: V — )■ W with = (j)oi. This is called the Schur module of shape A. In the next paragraph 
we shall show the existence of V^. Moreover, in Theorem 10.6 we shall see that, for a field F, 
we have V{X)¥ = if A has at most n + 1 rows. In our situation this is satisfied always since 
K C [n + 1]. 

A concrete construction of V'^ All tensor and exterior products taken over boxes in A will 
be taken in order of the column word associated to A; this word is obtained by concatenating 
the columns from left to right and by ordering the boxes in each column from bottom to top^. 

We shall refer to this construction as the quotient construction of since it realizes as 
a quotient of V^^ = 1/®'^ as follows. To enforce rules (i) and (ii), let V"^^ = ®feeif (A^ '^^)®'' 
and consider the canonical map vr^: V"^'^ — )■ V"^'*' (which is the composition of a D-rf-linear map 
7r|: 1/®^ and a D-linear map vr^: V^^ V^). To enforce rule (iii), let Q^iV) be the 

subspace of V^'^ generated by all vectors vr^(a;) — X1^a(?/)> where y runs through all vectors 
obtained from x by an exchange between two given columns of A with a given set of boxes in the 
right chosen column. Then Q''^{V) is the kernel of the surjective D-linear map 

We shall denote by nf: V^^ — )■ the canonical map vt^ott^. 

Properties of A filling of A from [m] = {1,2, .. . ,m} is a function T: A — [m]. Given 
any ordered set of vectors B = {61, . . . ,bn+i}, and a filling T of A from [n + 1], we get an 
element of V^'^ by setting, for each box d of A, its entry indexed by box d equal to for(d)- Let 
bf = 7r|(6^) e V^^, b(^ = n^{bf) e and br = n^ib^) E V\ 

We shall employ Lemma 10.1 in the case where V is the natural module for st„,_|_i(D) and D is Z 
or a field F. 

Lemma 10.1 Suppose V is a module for some Lie algebra gn over D. Then, the 3-modules 
V'^^, V^^, and are Qo-modules as well. 

^In [23] the columns of A are numbered top to bottom. 
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Proof By equations (3) and (4) of Section 7 it follows that V^^ and V^^ are gB-niodules. Now 
we show that Q^{V) is a flB-submodule of . 

Let g E Qo and fix a subset A = {ai, . . . , a„+i, a„+2 = gai, . . . , a2n+2 = 5'«n+i} of V. Given a 
filling T: A — )■ [n + 1], and a box G A, let T'' be obtained from T by setting, for all boxes e of A: 

^ ' \ T{d) + n + l if e = rf. 

Thus, is obtained from Oj. by replacing the contents of box d by its (^-image, so we have 
9^T ~ SdeA ^T"^- Now let ^ be an exchange of A, viewed as a permutation of the boxes in A and 
let T' be the filling obtained by composing ^ and T, that is T' = To^: A — )■ [n+ 1]. Given a filling 
F: A — !■ [n + 1] we let ^ ■ ap = apo£,- Then, 

g^ ■ ttp = ga^^^ = J^d'ex '^^To^y' 

It is straightforward to verify that T'^o^ = (To^)^ Since ^ is a permutation of A we can 
replace the last sum by '^Pro,«)«"^(rf) conclude that ig ■ dp = gi ■ dp- Thus, gi^ap — 

'^^C.O't) = go.T — 9^o.T = go-T — ^9(^Ti where the sum is taken over all exchanges between 
two given columns of A with a given set of boxes in the right chosen column. Hence, Q'^iV) is a 
0D-niodule. It follows that = V^^ /Q^{V) is a go-module as well. □ 

From now on we shall assume that V is free over D. 

We shall now discuss bases. Given a basis B for V , it is clear that V^^'^ and V®^ are free over 
D. In fact, B®^ = {b^ \ T}, where T: A — )• [n + 1] ranges over all possible fillings, is a D-basis for 
V^®'^. Moreover, it is clear that V^^'^ is free over D with basis B^^ = {b^ \ T}, where T: A ^ [n+ 1] 
ranges over all fillings that are increasing down each column. Next, we identify certain bases of 
V^. A Young tableau of shape A is a filling T of A that is weakly increasing along each row of A 
and strictly increasing down each column of A. Let B^ be the collection of all bp, where T ranges 
over all Young tableaux of shape A with entries from [n + 1] . 

Lemma 10.2 [ §8.1, Theorem 1] Suppose V is free over 3 with basis B = . . . , 
then V'^ is free over D with basis B^. 

Lemma 10.3 Let V be a module for a Lie algebra Qo over D. Suppose that B = {bi, . . . , 6„+i} is 
a set of vectors such that bi has weight 9i for each i G [n + 1] . Then, for any filling T: A — )■ [ti + 1] , 
the vector bp G V'^ has weight Xli^Li ^j^*; where ti is the number of occurrences of bi in bp and m 
is the number of boxes in A. 

Proof This is a straightforward calculation. □ 
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The constructions of V as well as Lemmas 10.1, 10.2, and 10.3, show that if y is a module for a 
(simple) Lie algebra Qc over C and A is an admissible lattice, then we can construct A^^, A®'^, 
A^^, Q^{A) and A^ replacing V by A, taking D = Z and viewing A as a module for the Lie 
algebra Qn = iiz or = ^(A)^. We summarize this and a little more in the following result. 

Lemma 10.4 Let V be a module for a simple Lie algebra Qc over C and suppose Vf = F ®z A 
for some admissible lattice A. 

(a) The Z-modules A""^, A®^, A^^, and A^ are admissible lattices in V^, V^^, V^^, and 
respectively. 

(b) ForanyfieldF we have (F^iA)^ = F^z^'^- In particular, if we construct V {X)^ = F^j^A^, 
then V{X)w = 1^/. 

(c) If A = {oi, . . . , a„+i} is a X-basis of weight vectors for A, then is a Tj-basis of weight 
vectors for A^ , where the weights are as described in Lemma 10.3. 

Proof The admissible lattice A is a free Z-module as well as a module for the universal en- 
veloping algebra il^. Thus, repeating the construction of above replacing V hy A and taking 
D = Z, shows that A^^, A®^, and A^ can be constructed. Moreover, taking Qj^ = 11^, it 
follows from Lemma 10.1 that these are it^-modules. 

Let A be the basis in (c). As we saw in the discussion preceding Lemma 10.2, A canonically 
gives rise to bases A®'^ and for A®^, and A^'^ respectively. By Lemma 10.2 since ^ is a 
basis for V , A^ is a basis for so in particular, A^ is independent over Z and of appropriate 
cardinality. The fact that A^ spans A^ over Z follows from the fact that A®'^ spans A®^ and A^ 
is a quotient of A®^. Thus (a) follows. Part (b) is a special case of the remark preceding Lemma 
1 in [J.'), §8.1]. Part (c) follows from Lemma 10.3. □ 

Remark 10.5 If in Lemma 10.4 we have 0c =s^n+i(*C)? then the natural module V has a basis 
A = {oi, . . . , a„+i} whose weights satisfy 6i >~ 62 >~ ■ ■ ■ >~ dn+i in the natural ordering on weights. 
Namely, 9i — 9i+i = ai, the i-th fundamental root, for i = 1, . . . ,n. It then follows that the highest 
weight vector of is ar, where T is the tableau whose i-th row is filled with i's only. Since 
Oi + ■ ■ ■ + 9k = \k for any 1 < k < n, ax has weight X. 

Theorem 10.6 (Theorem 8.2 of [23]) // A has at most n + 1 rows and F = C, then is an 
irreducible representation of highest weight A for GL„_|_i(F). These are all irreducible polynomial 
representations of GL„+i (F) . 

Corollary 10.7 For any fieldF, the sin+i{F) -modules V{X)f and are isomorphic. 
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Proof Since A was constructed from the subset C [n + 1], all constructed in this section 
are irreducible GL„+i(C)-modules. Since GL„+i(C) is a central extension of SL„_|_i(C) it follows 
that is also irreducible as an SL„+i(C)-module. Hence is naturally an irreducible st„+i(C)- 
module. 

The well-known classification of finite dimensional irreducible modules for simple complex 
Lie algebras in particular ensures that, for each A (which in our case is integral and dominant), 
there is a unique irreducible s[„+i(C)-module of highest weig ht A. Since is an irreducible 
5[„+i(C)-module of highest weight A, L{X)c = V^(A)c = V^. 

By Lemma 10.4 if A is an admissible lattice in V, then A'^ is an admissible lattice in V^. The 
result follows, since by part (b) of that lemma, V{\)y = ¥^zA^ = (IF®^ A)'^ = V^, for any field 
F. □ 

Note that by Lemma 10.2 (and 10.4) the dimension of is independent of the field F. This is 
a special case of Proposition 4.2 parts (b) and (c). 

As already noted in Remark 4.12, is in general not cyclic. 



The Weyl embedding Now let A = A^^- be as in Subsection 4.2, and F some field. Consider 
the following point of F: p = {Ak)kfzK, where = (ai, . . . ,afc)y- Then by Theorem 4.14 the 
Weyl embedding satisfies 

ew--V ^P((r^)°) 
p ^ ax 

where T is the Young tableau whose i-th. row is filled with i's only. That is ax = '^xi'SlkeK ^i=i^i)- 
For any subset K C I, let ck be the Weyl embedding of the K-shadow space of A. Then we 
have 

eK{p) = 7r^x{(S)ek{Ak)). (7) 

Now note that vr^ is a G- module homomorphism and that G is transitive on the points of F. 
Therefore we have equality (7) for any point p = (Afc)^^^ of F. 

The form /3 and a second construction of We first show that the contravariant form (3 
on y^'^ and can be obtained from the contravariant form on V. Recall that /3 is constructed 
initially on the module ^(A)c, then restricted to an admissible lattice, and then tensored with F 
to get its equivalent on V{X)¥. Thus in order to describe (3, we can and shall work over C. Our 
aim is to find a result similar to part (a) of Lemmas 7.1 and 7.2. To this end it is convenient to 
use the Schur functor (see e.g. [23, §8.3] and [24]). 

We first use the Schur functor (and its dual) to describe and (V^*)'^. We shall consider (V*)^ 
to be constructed from V* in the same way as is constructed from V and denote the maps 
corresponding to tt^, tt^, tt® by putting a bar over them, so that we get vf^, vf^, and Iff. Fix 
A and let it have d boxes. Let C = C[S'd], where Sd is the symmetric group on the set [d\. In 
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the sequel, for any right C-module A and left C-module B, the tensor product A ®c B is the 
quotient of the usual tensor product A B by the subspace generated by all expresssions 



[a ■ a) ®h — a ® [a ■ h) where a G A, a G Sd, b E B. 

We view V^'^ (resp. (V*)'^'^) as a left (resp. right) C-vector space and a right (resp. left) C-module, 
where naturally (resp. reverse) permutes the components of V^'^ (resp. (K*)®*^). 

Then, we have natural isomorphisms V^'^ = V®'^ (^c C and (V*)^"^ = C ®c (V*)^'^. Note 
that the natural pairing p:V xV* ^ C given by {v, f) = f{v) gives rise to the pairing p®: V^'^ x 
^ C by setting {vi ^ ■ ■ ■ ^ VdJi ■ ■ ■ ^ fd) = Uf^iftivi), thus identifying (V*)^"^ and 
(y^'^y. Note here that we use the conventional notation f{v) even though V* is a right vector 
space. It follows from the above definitions that we now have 

{v ® ca, 1 (g) /) = (t; O 1, ca ® /) (8) 

for any / G (y*)'^'^, v G V®'^, c G C, and a E Sd- Here the pairing (-, ■) is induced by via the 
natural isomorphisms V^"^ ^ ®c C and (V*)^'^ = C ®c (V*)®'^. 

A numbering U of A is a filling from [d] without repeated entries. Let U be the numbering of A 
that agrees with the natural ordering of boxes of A taken in the quotient construction of V^, that 
is, so that the column word of f/ is 1, 2, . . . , (i. Let R{U) and C(U) be the row group and column 
group of t/; that is, R{U) (resp. C{U)) is the subgroup of Sd that simultaneously preserves the 
subsets of numbers in U associated with the rows (resp. columns) of A. Let 

Pu = J2peR{U) 7r/ = J2^ec{u) sign(7)7, <^u = lupu, = Pulu- 

The Specht module 5''^ with diagram A can be identified with the right C-module ajyC as 
well as the left C-module Cau (See e.g. [24, Ch. 4]). Using the Schur functor, i.e. tensoring with 
the Specht module, we have isomorphisms 



and 



vrf (f 1 ® ■ ■ ■ ®Vd) ^ Vi® ■ ■ ■ ® Vd®c (^u 

Tffih®---® fd) ^ j-^<yu®ch®---®fd, 

where k\ is the integer such that a^j = k\au- The quotient construction of corresponds 
exactly to applying the Schur functor as above since by choice of [/, we have 

vi® ■ ■ ■ ®Vd®c'^ ^ vi ® ■ ■ ■ ®Vd®clu ^-^ vi® ■ ■ ■ ®Vd®c luPu 

and vr® = vr^ovr® (cf. [ , §8.3]). In the construction of {V*)^ one could use au instead of -^cru- 
Our choice is more natural, as we'll see in the proof of the following general lemma. 
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Lemma 10.8 We have an isomorphism (V^)* = (V*)^ induced by the pairing: p^: x (V*)'*' — )■ 
C given by 

(7rf(t;i ® ■ ■ ■ ® i;^), vff (/i ® ■ ■ ■ ® /d)) = ^ ^^Ml)^tiMn^pm), 

p£R(U) 7eC(C/) 

where U is as above. 

Proof Consider the isomorphisms 

yx ^v^'^(^cCau 
{V*y ^ auC ®c (V*)'^'^ 

It can be shown that = kxCu, for some non-zero k\ G Z, so that, for v G V"®'^ and / G (\/*)®'^, 
we have 

{v^c(Tu,l®cf) = {v®CTr^u^®cf) (9) 
It follows from (8) that the pairing has the property that, 

1 1 

{V ®c TT^^' 1 ®c /) = (t^ ®C fXc/, TT^t/ ®c /)• (10) 

r^X I^X 

We have maps: 

V^'^(^cCau ^V^'^®cC ^V^'^(^cCau 

where i is the identity and vr is right multiplication by au. The surjective map vr induces an 
injection n*: (V'^'^ (S)c Cau)* (V'^'^ ®c C)*. Since afj = kx^u, we have noi = kx id so that for 
every g G {V^'^(g)cCau)* we have c/ = ^i*oTT*{g). Thus i*: (V^®'^(g)cC)* ^ (V^®'^®cC(Tc/)*, given 
by / (— /oi, induces the inverse to -^n* on the image of n*. To see what this means, we identify 
V^'^^cCau with its image under i. Then g = -^i*oTT*{g) says that g G {V^''' ^cCau)* is simply 
the restriction of some element of (V"®'^ ®c C)* (namely ■^TT*{g)). Now use the pairing to 
view C ®c (V*)^"^ = (V®'^ ®c C)*. Namely define a map 6® by setting c ®c / ^ (-, c ®c /), for 
all c G C and / G (y*)'^'^. Then, from Equations (9) and (10) we can see that if this element g is 
represented by some / G C (V*)'^^, then it is also represented by ^cr^/ ® / G crjyC ®c (\/*)®'^. 
Hence, z*o6® is an isomorphism between cr^/C ®c (K*)'®'^ and (V"®'^ ®c Cau)*. The definition of 
7rf , 7ff and 6® imply that, for v G K®"^ and / G (V^*)®'^ we have {7rf{v),wf{f)) = {v®auA^f)- 
The conclusion of the lemma now follows from the meaning of Vi^- ■ -^Vd^cru and the standard 
pairing . □ 

If is a module for a simple Lie algebra qc over C, and /3 is a r-contravariant form on V, we 
shall denote the forms on V^^ and V"^^ defined using Lemmas 7.1 and 7.2 by and It 
follows that is r-contravariant. We now extend this to a form on V'^. 
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Lemma 10.9 Let V be a finite dimensional ¥-vector space, let a be an automorphism of ¥ of 
order at most 2 and let ( be a a-sesquilinear form on V . Let k G N>i. Moreover, let C = ¥[Sd\ 
and let U and au be as above. Then 

(a) there is a unique a-sesquilinear form on V"®°' (S)c Cau given by 

= J2^ec(u) Epe/?{C7) sign(7) J2jec(u) sign(7)ntiC(^^(7P7)»' ^i)? 

(b) if ( is symmetric bilinear, so is C^; 

(c) if V is a finite dimensional module for a simple Lie algebra Qy and ( is T-contravariant, 
then so is C'^- 

Proof (a) The form ( can be obtained by composing the standard pairing V x V* ^ ¥ given 
by {v, f) = f{v) with a a-semihnear homomorphism (f):V ^ V* so that ({v, u) = (v, (piu)). Now 
the following composition that we shall call 0'^ is again a cr-semilinear homomorphism; note that 
if (j) is an isomorphism, then so is 0^. 

Ul (g) ■ ■ ■ (g) Urf (g)c O-t/ -> Ui® ■ ■ ■ ^Ud^C -^luO'u J^CfulU ®C<P{Ui) ® ■ ■ ■ ®c(l){Ud) 

Namely, the first map is the isomorphism given by right multiplication by ^7i/, and whose 
inverse is given by multiplication on the right by pu- The second map combines 0®°' with the 
isomorphism Y^^^g^ h- )■ X]xe5d '^xX~^ between the left and right regular representation of C. 
Note that C{U) and R{U) are closed under taking inverses so that 'juPulu is invariant under 
taking inverses. Note here that 

(p^{Ui^ ■ ■ ■ 0Ud®cO-u) = ^ sign(7)7f^(0(M;^-i(i)) (g) • • • (g) 

76C(C/) 

We then set = It is immediate from this construction that ("^ is a-sesquilinear. 

In order to obtain the formula we use that nf^;^^(t>(^p)(j), = n^^j^^(t;(^p;^)(j), 

(b) Note that if ( is symmetric, then C('^{7P7){i)) ^i) = C('^(7-V"S"^)(i)' ^i) ^'^^ 3 ~ IPli"^)- 
Since the sums are taken over all 7,7 G C{U) and p G R{U) and these are closed under taking 
inverses, we find that is symmetric as well, (c) This follows from part (e) of Lemma 7.1. □ 

Lemma 10.10 Suppose A = {ai, . . . ,an} is an orthonormal basis for V with respect to ( and 
T is the Young tableau of shape A whose i-th row is filled with i's only. Then, (^{aT,aT) = kx- 
Moreover, (^{aT,aT') = for any Young tableau T' ^ T of shape A. 
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Proof In view of Lemma 10.9 we have 

C^ittT, ar) = J2^^c{U) Epefl(c/) J2^&c{u) ^^Ml) sign(7)ntiC(o(7P7)(0' «i) 
= Ejeciu) Ep6ij(i/) Ejeciu) sign(7) sign(7), 

where the sum is taken over those 7, p, 7 such that 7P7p = 1 for some p G R{U). This is because 
C(a(-yp^)(j), a-i) = 1 if and only if a(^p^)(j) and are in the same row and otherwise. Now consider 
the equation juPuluPu = kx'juPu- The coefficient of 1 G C on the right hand side is exactly the 
sum above and it clearly equals k\. 

Now if T' 7^ T is a Young tableau with the same Young diagram as A then for any permutation 
a G Sd, the fillings aT and T' differ in some box. Since A is orthonormal, this means that 
nf^iC('2(T(i), ctj) = 0. It follows that C^(aT,a-T') = 0. □ 

Corollary 10.11 Let /3 be the symmetric bilinear r-contravariant form on V as defined in Sub- 
section 5.2. Then -^(3^ is the symmetric bilinear r-contravariant form on V'^. 

Proof This follows from Remark 10.5, Lemmas 10.9 and 10.10. □ 



10.1 An illustration 

We illustrate what happens in this section with a well-known example [ i 7]. Let A be the building 
of type A2 and let F be the {1, 2}-shadow space of A over a field F. 

We have 0c = -s[3(C), which acts on its natural module V by matrix- vector multiplication 

from the left, where vectors are coordinate vectors with respect to a basis A = {01,02,03}. 

Writing Xij for the elementary matrix whose non-zero entry is a 1 in the position, and 
setting Hi j = Xi^i — Xjj and Yij = Xj^i for i < j, we have a Chevalley basis 

C = {Xi,, \ t<j}U {ifi,2, H2,3} U {Yij I i < j}. 

The multiplication is given by [Xj ,,-,Xfc^;] = — ^lA^kj for all i,j,k,l. Now, in terms of 

Young diagrams, we have A = (2, 1) and is the adjoint representation, i.e. it is 3(3 (C) itself 
under the action adx(?/) = xy — yx. The highest weight vector is v'^ = X13 and the minimal 
admissible lattice is the Z-span of the Chevalley basis C. Writing aij^k = cbi® aj (8) cru, 
and comparing the 5t3(C) action on itself with that on Vq, we find that the Chevalley basis 
elements are identified with elements of V^^ (8>c Ccrjy as follows: 

-^1,3 = '^2,1,1 ^1,3 = 0,3,2,3 

Xl^2 = ~C^3,l,l -^1,2 = '^2,1,3 ~ 2a3_i^2 Yl,2 = 0-^,2,2 
^2,3 = 0,2,1,2 -f^2,3 = ^2,1,3 + ^3,1,2 ^2,3 = ~~03_i^3 

We also have H13 = 202,1,3 ~ 0,3,1, 2- If A is orthonormal with respect to /3, then by direct 
calculation from Lemma 10.9 one verifies that is given with respect to the Chevalley basis C 



45 



by the following matrix 

(I \ 
1 

1 



1 

1 

V V 

Note that B has full rank in all characteristics except 3, where it has rank 7. In that case 
Hi 2 — H2^3 spans the radical of (3^. Note also that this form can be given as P'^{x, y) — trace(a;y^), 
for all x,y & si^lC) where denotes the transpose of y. 

Now consider the geometric picture. Let F be an arbitrary field. The shadow space F is the 
geometry of point-line flags (p, I) of PG(l^). Identifying with the adjoint module 513(F), the 
Weyl embedding is given by 

V ^PG(\//) 
{p,l) ^ {wp^i = VpnJ), 

where Vp is some (column) vector spanning p and ni is some (column) vector that is orthogonal to 
/ with respect to the inner product /3 and r denotes transposition. Note that trace(u'p,/) = since 
p lies on I. Considering the apartment E of A given by the basis A, we find that ((aj), (a,, a^)) h- )■ 
(ttk ® aj (8) a, (2) au) = {ak,i,i) = i^ij), where k} = {1, 2, 3}. In particular ((ai), (ai, 02)) is 
sent to the space (02,1,1) = of highest weight A = Ai + A2. 

We now look at singular hyperplanes. Two point-line flags (pi,/i) and (^2,^2) are opposite 
if and only if pi ^ I2 and p2 ^ h- Considering the matrices Wp-^^i-^ = Vp^nJ^ and Wp^^i^ = Vp^nJ^ 
we find that {piji) and {p2,h) are opposite if and only if trace (wp^^^^Wpj^ij) 0- The singular 
hyperplane H{p, I) of F of points not opposite to (p, Z) e F* = F is therefore induced by the 
hyperplane ker (trace (wp^^ * •)) of PG(l^'*'). It follows therefore that the polar radical of PG(V^'^) 
is the radical of the symmetric bilinear form ({x,y) = tTace{xy). Since the transpose map r 
simply sends the image of F* = F to that of F, we see once again that Rad(^) = Rad(/3^). 

As for minimal polarized embeddings for F, we note that in characteristic 3, the identity 
matrix I3 — Hi 2 — i^2,3 satisfies ticace{IsWq^jn) — for all {q, m) e F. It follows that in this case 
the minimal polarized embedding is PG(6, F). In all other characteristics there is no radical and 
the minimal polarized embedding is PG(7,F). 
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